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We investigate the dynamics of inertial heavy particles in three-dimensional homogeneous
isotropic turbulence, both with and without gravitational settling, by means of direct
numerical simulation over a range of Stokes numbers (0.05 < Str<5) and at a Taylor-
microscale Reynolds number Rej =204. Utilising a modified Voronoi tessellation, we
compute the divergence, curl and helicity of particle velocities to quantify particle cloud
self-organisation, including clustering, as well as vortical and swirling motions within
particle clouds. We perform a novel graph-based multiresolution analysis by applying a
wavelet decomposition to the divergence and curl of the particle velocities, and thus assess
the clustering dynamics across multiple scales. Scales at which cluster formation and
destruction are most active can hence be identified. In addition, we quantify and analyse
the impact of the Stokes numbers and gravity on the divergence, rotational and swirling
motions of particle clouds. As quantified in the wavelet energy spectra, gravitational
settling is shown to affect the scale distribution of divergence and curl. We observe that
the dominant particle dynamics is shifted toward larger scales while amplitude decrease
for large Stokes numbers. In the absence of gravity the activity becomes increasingly
concentrated at smaller scales for large Stokes numbers, consistent with the emergence of
caustics. These gravitational effects become more pronounced at higher Stokes numbers,
where particle motion transitions from relatively erratic without gravity to more coherent
swirling patterns with gravity, as also reflected by the helicity of the particle velocity,
which indicates an increased alignment and anti-alignment between the particle velocity
and the particle vorticity.
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1. Introduction

Inertial heavy particles are ubiquitous in numerous industrial and environmental turbulent
flows, such as in the dispersion of pollutants in the atmosphere, the formation of clouds,
sediment transport in rivers or spray combustion. The dynamics of these particles plays a
crucial role in shaping the characteristics and outcomes of such flows, making their study
an important area of research. For reviews on the behaviour of inertial particles influenced
by different parameters, such as their mass, volume fraction, density and the effects of
gravitational acceleration, we refer the reader to Kuerten (2016) and Brandt & Coletti
(2022). For a recent synthesis of clustering, caustics and gravitational effects in turbulent
particle dynamics, including an overview of statistical models for the dynamics of heavy
particles, we refer the reader to the review by Bec, Gustavsson & Mehlig (2024).

It is well known from both computational and experimental studies that inertial particles
within turbulent flows exhibit non-uniform spatial distributions, known as inertial particle
clustering, which lead to the formation of distinct void and cluster regions (Squires &
Eaton 1990, 1991). The Stokes number, which quantifies how the dynamics of inertial
particles deviates from that of fluid particles, is defined as the ratio between the particle’s
response time to changes in the flow and the characteristic time scale of the turbulence.
Due to their inertia, heavy particles tend to be ejected from vortices by centrifugal effects
and concentrate in regions of low vorticity and high strain rates. This mechanism is known
as preferential concentration and is observed primarily in the case of small Stokes numbers
St <« 1, where the behaviour of particles is correlated with that of the underlying flow
structure (Gustavsson & Mehlig 2011). For such small Stokes numbers, a relationship
between the divergence of the inertial particle velocity and the background flow field
was derived by Robinson (1956) and Maxey (1987). This relation indicates that regions
with large negative values of the second invariant of the velocity-gradient tensor of
the fluid, i.e. regions with high strain rate, are more conducive to the concentration of
inertial particles for small Stokes numbers (Squires & Eaton 1990). Numerous theoretical
analyses on inertial particle clustering have been conducted based on the preferential
concentration mechanism (e.g. Elperin, Kleeorin & Rogachevskii 1996; Chun et al.
2005; Esmaily-Moghadam & Mani 2016). Gustavsson & Mehlig (2011) have shown that
multiplicative amplification contributes substantially to clustering at St = O(1), whereby
random contractions and expansions of particle clouds along their trajectories lead to a
net volume contraction and thus to fractal clustering. Consistent with this, clusters and
void regions continue to be observed for larger Stokes numbers of the order of St = O(1),
even though the particle velocity depends much more on their path-history interactions
with the turbulent flow (Bragg, Ireland & Collins 2015). For St > O(1), the velocity of
the particles can be multivalued, i.e. particles located at the same position may possess
different velocities. Such regions are referred to as caustics (Wilkinson & Mehlig 2005;
Wilkinson, Mehlig & Bezuglyy 2006; Bec et al. 2010). To elucidate clustering of inertial
particles for St > O(1), the concept known as the ‘sweep-stick mechanism’ has been
proposed (Chen, Goto & Vassilicos 2006; Goto & Vassilicos 2006; Goto & Vassilicos
2008; Coleman & Vassilicos 2009). While earlier studies often described it as particles
being swept by larger-scale flow motions and sticking to stagnation points of the fluid
acceleration, more recent work by Oka & Goto (2021) highlights that, at high Reynolds
numbers, clustering arises from the interaction with a hierarchy of coherent vortices and
can be characterised using a coarse-grained acceleration field. As discussed in Meibohm
et al. (2020) and Bec et al. (2024), the heavy particle dynamics is naturally described in the
six-dimensional phase space of position and velocity. Because the dynamics is dissipative,
phase-space volumes contract on average. Combined with turbulent stretching and folding,
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this contraction drives trajectories onto a time-evolving fractal attractor whose multifractal
geometry underlies the intermittency of particle separations and relative velocities. When
projected onto configuration space, distinct velocity branches then overlap at the same
location, so that the particle velocity becomes multivalued and caustics form.

Another important parameter that significantly impacts particle clustering is the effect
of gravitational acceleration, which introduces particle-velocity anisotropy. The impact
of gravity cannot always be neglected, as in cases where the gravitational settling
speeds of particles are much larger than the Kolmogorov velocity, which leads to a
substantially altered response of the particles to the underlying flow (Bec, Homann &
Ray 2014; Gustavsson, Vajedi & Mehlig 2014; Ireland et al. 2016b). Bec et al.
(2014) showed, using direct numerical simulation (DNS), that gravity can either reduce
or enhance particle clustering depending on the Stokes number, thereby introducing
significant anisotropy to their spatial distribution. Gustavsson et al. (2014) showed that
gravitational settling shortens the time that particles remain within the same turbulent
eddies, thereby weakening centrifuge-type preferential sampling for St < 1. When particles
settle sufficiently fast, they see the fluid-velocity gradients as an effectively white-noise
signal along their paths, which alters the clustering mechanisms and enables substantial
clustering by multiplicative amplification. For a comprehensive DNS study with gravity,
including evaluations of the strain rate and rotation rate tensors at inertial particle positions
and analyses of inertial particle kinetic energy, acceleration and relative velocities to
quantify the influence of turbulent flow structures on inertial particle dynamics, we refer
the reader to Ireland et al. (2016b). In contrast, for higher Stokes numbers, gravity can
actually enhance clustering by modulating the ratio of drift to diffusion, causing particles
to settle through the flow in a manner that accentuates their distribution patterns at certain
scales, thereby reinforcing non-uniform spatial arrangements. It has also been reported that
this gravitational influence introduces notable anisotropy in velocity-gradient statistics and
particle accelerations, reflecting the fact that particles experience different flow regions
more rapidly in the vertical direction than in the horizontal directions.

Clustering has also been investigated in Matsuda et al. (2014, 2017) using the energy
spectrum, computed using the Fourier transform of particle number-density fluctuation
for turbulent clustering droplets with and without the gravitational effects for several
Stokes numbers. These spectral analyses quantify clustering as a function of wavenumber
and identify the dominant scales and their dependence on St. They also characterise
how gravitational settling redistributes spectral energy across scales. In order to obtain
high-order scale-dependent statistics such as skewness and flatness, a similar method
based on the wavelet transform was developed in Matsuda, Schneider & Yoshimatsu
(2021) to study particle clustering using the wavelet energy spectrum of particle number-
density fluctuation. For a detailed analysis of the particle spectrum, we refer the reader
to Saito & Gotoh (2018), who examine the time evolution of number-density spectra
for cloud droplets in turbulence. However, these approaches have only been used from
a static perspective (i.e. instantaneous descriptions from particle number density) and
not from a dynamic one (i.e. the time evolution of particle number-density structures).
A study of the scale-dependent particle dynamics could offer deeper insights into how
particles behave across different scales of motion in turbulent flows. In many previous
studies, most attention has been placed on preferential concentration mechanisms or on
static distributions of particles, while their dynamic and multi-scale behaviour appears
comparatively less explored.

Voronoi tessellation was used in Monchaux et al. (2010, 2012) to identify cluster and
void regions in their studies of inertial particle clustering for different Stokes numbers.
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Baker et al. (2017) use Voronoi volumes to study particle clustering and find that the
clusters tend to align with the local vorticity vector, i.e. the clusters’ primary axes
(obtained from a singular value decomposition of the particle positions) are statistically
aligned with the local vorticity direction. Although numerous works employing Voronoi-
based methods have successfully characterised the instantaneous spatial arrangement of
clusters and voids, they do not explicitly address the particle dynamics. Additionally, the
influence of multiple length scales on the development of these clusters is less explored
in such analyses. In our previous work, we developed tessellation-based techniques that
quantify the divergence, curl and helicity of the particle velocity by analysing the temporal
evolution of the tessellation cells (Oujia, Matsuda & Schneider 2020; Maurel-Oujia et al.
2024). In this study, we focus on analysing particle clouds, i.e. localised groups that move
together. To go beyond static observations, we utilise the tessellation-based technique to
quantify the dynamics of particle clouds and propose the application of multiresolution
analysis techniques (Matsuda et al. 2022) to analyse the scale-dependent dynamics of
particle motion. This framework allows us to investigate how particles behave and form
structures across different scales within the flow.

In this study, we aim to clarify the dynamics of one-way coupled inertial particles
through high-resolution DNS of homogeneous isotropic turbulence (HIT), considering
different Stokes numbers and assessing the influence of gravity. Previous DNS studies
have documented how gravity modifies clustering intensity, anisotropy and relative
velocities of inertial particles (Bec et al. 2014; Ireland et al. 2016b), however, it remains
unclear how these mechanisms manifest for the different scales of motion. To this end,
we propose to use the scale-dependent divergence, curl and helicity of the particle-
velocity field, to quantify how inertia and gravity influence these quantities across
scales and impact the particle dynamics. Specifically, our simulations focus on air flows
containing water droplets that are sparsely distributed. This set-up is designed to replicate
conditions representative of small-scale turbulence in atmospheric clouds. We adopt one-
way coupling, whereby the carrier flow is prescribed and unaffected by the particles, and
particle—particle collisions are neglected. In this setting, each particle can be regarded as an
independent realisation sampling the same turbulent field, which enables robust ensemble
statistics, following Matsuda et al. (2021). With the help of tools such as differential
operators based on the volume change (Maurel-Oujia et al. 2024) and multiresolution
analysis (Matsuda et al. 2022), we aim to improve our understanding of the dynamics
of one-way coupled inertial particles, and to identify the impact of the particle inertia
and the gravity on their behaviour. This is achieved by assigning to each particle a cell
representing a portion of space, and by tracking the temporal evolution of each cell’s
volume to infer the local divergence and curl. By progressively merging adjacent cells
and comparing the divergence and curl before and after each merging step, we evaluate
these quantities across different spatial scales. This approach facilitates the identification
of the length scales at which particle clustering is most active, provides the dynamics
of quantities evaluated at different scales to characterise particle motion and offers
insights into the coherence of particle motion relative to the various parameters taken into
account.

The outline of the manuscript is as follows. In § 2, we provide a concise overview of the
DNS that forms the basis of our analysis. The mathematical framework, the methods for
computing differential operators of the particle velocity and the multiresolution technique
are explained in § 3. In § 4, we apply the methods to inertial particle-laden flows, analysing
flows without and with the influence of gravity. We study the effects of the Stokes number
and gravity on the particle distribution, as well as on the divergence, curl and helicity of
the particle velocity. Finally, conclusions are drawn in § 5.
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2. Direct numerical simulation
2.1. Fluid motion

The fluid flow is governed by the incompressible three-dimensional Navier—Stokes
equations, which are solved in a cubic domain with periodic boundary conditions, and

are given by
u 1 2
¥+(u-V)u:——Vp—|—vV u+F, 2.1
1)

V.u=0, (2.2)

where u represents the fluid velocity, p is the pressure, p is the fluid density, v is the
kinematic viscosity and F is the external force. A fourth-order central difference scheme is
used for the advection and diffusion terms, while the second-order Runge—Kutta scheme is
utilised for time integration. The velocity and pressure are coupled by the highly simplified
marker and cell method (Hirt & Cook 1972). Statistically steady turbulence is achieved by
applying an external force F using the reduced-communication forcing method (Onishi,
Baba & Takahashi 2011). This approach sustains the intensity of large-scale eddies while
ensuring high efficiency in parallel computing environments.

High-resolution DNS are performed in a three-dimensional periodic cubic
computational domain with a side length of 27w Ly with N; =5123 grid points, where

Ly =0.0682 m, and the characteristic velocity scale Up=0.2ms~!. The kinematic
viscosity is v=1.5x 107> m?s~!, corresponding to air. The root mean square
of the velocity fluctuation, the energy dissipation rate and the Taylor-microscale
Reynolds number of the obtained turbulence are characterised by u, /Uy = 1.01,
€ =0.0395m2 s 73, Rey = Aty /v =204, where A is the Taylor microscale. Statistically
steady turbulence was obtained by forcing at large scales. The DNS conditions for this
simulation are the same as those in Matsuda, Onishi & Takahashi (2017).

2.2. Particle motion

Maxey’s model for inertial heavy point particles with Stokes drag is used, i.e. the flow
around particles is considered laminar. The particle motion is governed by

dixp=10p, (2.3)

v,—u
p p
divp=——"—"+f; (2.4)
p
Here, u, is the fluid velocity interpolated at the particle location x ,, v, is the particle
velocity, 7, is the particle relaxation time defined as

2
P
P o 1807
where d), is the particle diameter, and f, is an external force to the flow. The ratio

between the particle density of water droplets p, and the air density p, is pp/pq = 840.
In the scenario without gravity, the external force f, is zero, and in the case with gravity,

(2.5)

we have f,=g=(-g,0, 0)”, where g =9.8ms~2 and where the superscript ! is the
transposition operator. The Stokes number which characterises particle inertia is defined
as St=r1,/1,, where 1, = (v/€)!/? is the Kolmogorov time. Several non-dimensional
parameters, given in table 1, represent the gravitational effect, such as the Froude number
Fr=e3/4/ w1/ 4g) and the non-dimensional terminal velocities S, = St/Fr (Woittiez,
Jonker & Portela 2009; Bec et al. 2014). In this study, Fr is kept constant, and S, therefore
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St 005 01 0.2 0.5 1 2 5
Sy, 034 068 136 339 679 13.6 339

Table 1. Physical parameters of the DNS computations with and without gravity: St denotes the Stokes
number and S, the non-dimensional terminal velocities in the gravitational case with constant Froude number
(Fr=0.145).

varies linearly with St. We thus refer to variations in St and S, interchangeably, without
further distinction. For the case of atmospheric flows where v=1.5 x 1079 m?s~! and
g=9.8ms2, the dimensional value of the energy dissipation rate e in the present
parameter setting is 395 cm? s 3, which can be observed in cumulus and cumulonimbus
clouds and close to strong cumulus clouds (Pinsky, Khain & Krugliak 2008). The present
Stokes number range corresponds to particle radii from 8.85 to 88.5 um, covering typical
cloud droplets (~ 10 wm) and those in transition to drizzle droplets.

The number of particles N, is 1.07 x 10° and simulations for seven distinct Stokes
numbers are conducted, as detailed in table 1. For the different Stokes numbers, the
particles are traced in the same flow. The parameters are similar to one of the datasets
from Matsuda et al. (2017). Modulation of turbulence and collisions between droplets
are neglected, as cloud droplets are typically diluted. Particles are one-way coupled, i.e.
particles are influenced by the flow, but their impacts on the flow dynamics and interactions
between particles are not considered. Given this set-up, the large number of particles
does not affect the flow, and each particle can be seen as an individual manifestation
of the possible positions and velocities within the turbulent flow under study (Matsuda
et al. 2021). For reference, the ratios of the particle size to the Kolmogorov length are
ap/n=0.073for St=1and a,/n = 0.16 for St =5, where a,, = d,, /2 is the particle radius.
The corresponding shear Reynolds numbers (a,, / n)? (Bec et al. 2024) are 5.4 x 1073 and

2.7 x 1072 for St = 1 and 5, respectively. These values are much smaller than unity, which
supports the point-particle assumption. When the slip velocity of particles compared with
that of the fluid is high, the particle Reynolds number is large, and thus the effects
of nonlinear drag cannot be ignored. Gravity induces a high terminal velocity, leading
to a significant relative velocity. Consequently, for a Stokes number of 1, the particle
Reynolds number is unity. As in Baker et al. (2017), we choose not to correct for the
nonlinear drag in order to focus on the fundamental point-particle kinematics. Particles
are initially randomly distributed and are injected into the fully developed turbulent flow
at time t = 107y, where Tp = Lo/ Up. Five snapshots are saved during the time range
21Ty <t <25Tp.

3. Analysis methods

In this section, we present the core mathematical tools employed in our study to analyse
the particle-velocity divergence, curl and helicity in turbulent flows. The objective is to
provide a clear and comprehensive understanding of the methodologies that underpin our
analysis. Our discussion will encompass an exploration of tessellations, which are essential
for assigning a cell to each particle. We will also present the computation of divergence,
focusing on how changes in volume can reveal intricate details about particle behaviour.
The quantities considered are finite-time observables sampled along particle trajectories,
and the divergence is interpreted in a distributional sense from finite-time changes of the
cell volume. For inertial particles, the underlying dynamics lives in the six-dimensional
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phase space (x, v). Upon projection to configuration space, however, the particle velocity
can become multivalued and may not be continuous in caustic regions. From an Eulerian
point of view, one can introduce a phase-space description based on the Boltzmann
equation, and the configuration space fields (x-space), such as the particle number density
and the mean particle velocity, are then obtained by the ensemble average of possible
particle velocities at each position, which yields single-valued continuum fields (Kasbaoui,
Koch & Desjardins 2019). Nevertheless, in our analyses, a piecewise constant velocity
field is introduced for each tessellation cell and the effective particle-velocity divergence
can be computed as it is defined from finite-time changes of tessellated cell volumes. By
definition, the divergence values computed in caustic regions should be different from
the divergence of the single-valued ensemble-averaged velocity due to the multi-valued
nature. In caustic regions, the divergence values become intermittent, and we can consider
that such intermittent divergence values are an indicator of caustic regions. Additionally,
the application of multiresolution techniques, using hierarchical cell coarsening, where
smaller cells are embedded into larger ones, is explored to capture the dynamic interplay
of particles across various scales. By construction, increasing the analysis scale smooths
trajectories and reduces the influence of caustics. This multiresolution approach recovers
the particle behaviour at each scale as actually sampled by the particles, from the finest
inter-particle separations up to larger scales that characterise interactions between clusters.
This approach is designed to offer a thorough and nuanced perspective on the particle
dynamics within turbulent flows.

3.1. Modified Voronoi tessellations

Voronoi tessellation (Voronoi 1908), a fundamental tool in spatial analysis, partitions
the space seeded with particles into distinct cells based on proximity. Each cell in a
Voronoi diagram, denoted as %),, encloses a region of space closer to its generating
particle p; than to any other particle, representing the influence domain of that particle.
This tessellation is advantageous as it does not introduce an arbitrary length scale and
is reflective of the local particle density. The Voronoi cell volumes are inversely related
to the particle density, offering a means to identify clusters and voids in the particle
distribution. A further refinement, the modified Voronoi tessellation, utilises the centre
of gravity of the Delaunay cell (the dual graph of the Voronoi tessellation) to define
the vertices of the cell. This modification, as proposed in Maurel-Oujia et al. (2024),
enhances the stability and accuracy in computing differential operators. This tessellation is
called modified Voronoi tessellation. To construct the Delaunay tessellation, we utilise the
Computational Geometry Algorithms Library (CGAL) (Fabri & Pion 2009), a versatile
C++ library renowned for its efficiency in handling complex geometric computations.
The implementation of CGAL is advantageous due to its computational complexity
of O(N log(N)), where N represents the number of particles. Furthermore, CGAL’s
capabilities extend to parallel computing, allowing for more efficient processing and
analysis of large-scale particle datasets in our turbulent flow studies.

3.2. Differential operators computation via volume change

The cornerstone of the approach, introduced in Oujia et al. (2020) and developed in
Maurel-Oujia et al. (2024), lies in the application of the conservation equation for particle
number density n, expressed as

Din=0on+v-Vn=—nV -v, (3.1)
where D;n denotes the Lagrangian derivative of n, and v is the particle velocity.
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The local number density n, averaged over a modified Voronoi cell is defined as the
inverse of the cell’s volume V), i.e.n, =V, ! By considering the particle density at two

subsequent time instants ¥ and t**! = t* 4 Az, where At is the time step, and substituting
n by this discrete approximation 7, the finite-time discrete divergence of particle velocity
can be defined as

k+1 _ y/k
2 Vp Vp

. 9 3.2
At vt 4 vk G-

1
D(vp) = —n—Dtnp =
P

where v, is the particle velocity v evaluated at the particle’s position x ,, and D(v,) is
bounded, i.e. it satisfies |D(v,)| <2/At by construction (Oujia et al. 2020; Apte et al.
2022). The identity above is understood in the sense of distributions, with the particle
velocity v, treated in the distributional framework and therefore admitting derivatives of
arbitrary order (Schwartz 1950). Accordingly, D denotes the action of the distributional
divergence on a test function related to the characteristic function of the cell, and can be
understood mathematically as a weak formulation of the divergence operator over that cell.

Note that the discrete divergence can be rewritten in logarithmic form (Maurel-Oujia
et al. 2024)

k+1

1
D(vp)_—tln< Vk >+O(1/Np). 3.3)

Using the definition of the asymptotic growth rate of the volume Vg (¢) of a six-dimensional
phase-space region (Bec et al. 2024)

6
_ 1 V(1) .
06 = lll‘rolo ; In (V6(())) E A, 3.4

i=1

where A; are the Lyapunov exponents ordered as 4; > - - - > Ag, we can deduce that the
discrete divergence, which is different, is a single-step configuration-space analogue of
a volume growth rate. The growth rate o quantifies the long-time contraction rate of
phase-space volumes and characterises the dissipative nature of the particle dynamics.

Similarly to the divergence, the curl of the particle velocity, which represents the
circulation of the velocity field of particles over a cell €),, can be computed using the
method based on the volume change (Maurel-Oujia et al. 2024). The discrete curl of the
particle velocity C(v)) is obtained by

Ce(v)) b (‘”50
Cw,)=|Cw,) | = D(—v;y) , (3.5)
Cz(vp) D (_viz)
where vlL, =L,vp, v iy_L v, and va_L v,. Here, Ly, L and L are the rotation

matrices around the x, y and z-axes, respectively, which are deﬁned as

0 0 0 0 0 1 0 -1 0
L,=10 0 -1}],Ly=1 0 0 O)andL,=|1 0 O0}. (3.6)
01 0 -1 0 O 0 0 O

For additional details on the method and its validation, we refer the reader to Maurel-Oujia
et al. (2024).
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A relevant quantity related to the curl of particle velocity is the helicity. Helicity is
defined as the scalar product of vorticity and velocity, and provides insight into the
geometrical alignment of these vectors, allowing us to quantify the swirling motion of
particle clouds. The relative helicity of the particle velocity is defined as

v,-C(v))
lvpll2 IC(p)Il2”

and yields the cosine of the angle between the two vectors at each particle position. The
values of helicity span from —1 to +1, where —1 indicates a complete anti-alignment
and +1 signifies a perfect alignment between the vorticity and velocity, both indicative
of pronounced swirling motion. A helicity value of O corresponds to a two-dimensional
motion, denoting an orthogonal relationship between vorticity and velocity.

Hp) = 3.7)

3.3. Multiresolution technique

In this study, we utilise the multiresolution analysis method developed by Matsuda et al.
(2022). This method allows us to examine the dynamics of the system across multiple
scales and to extract meaningful information about particle distributions and associated
quantities such as divergence and curl.

Our multiresolution analysis is constructed upon Delaunay tessellation graphs that
represent neighbouring particle cells in physical space. These graphs are organised across
multiple levels [ =0, ..., L — 1, where the level index / increases as the scale becomes
coarser.

For graph coarsening, we adopt the half-edge collapse operator as outlined by Kobbelt
et al. (1998). This operator merges one vertex with an adjacent vertex, selecting pairs based
on the minimum volume attribute of their associated tessellation cells. The coarsening
algorithm involves marking and merging vertices and updating volume values to ensure
volume conservation. Specifically, the updated volume for a vertex at level [ 4 1 is given
by VI =V Ve

Regarding the wavelet transform on these graphs, we consider a signal s? =s0x p.i)
defined at discrete particle positions. The transform is based on the conservation equation
Vil‘HEg+1 = VQIiElzi + Vzll. +1§lzi 41> Where Ef represents the signal at the ith vertex on the
graph at level /. The projection operator is defined as

1

I+ Id Lyl

Si = yET <V2is2i + V2i+1s2i+1> : (3-8)
i

For the prediction operator, we assume that the predicted signals at the finer level are equal

to the projected signals at the coarser level, i.e. Eﬁ“. Consequently, the detail coefficients
are calculated as the difference between the original and predicted signals using

13
I+1 2i (<l -
4t = V1+l1 <52i+1 _Szi) . (3.9)
i

The detail coefficients represent the local fluctuation of the field between two adjacent
merged cells. The wavelet energy spectrum is defined as

N M> [Oildz?]

(3.10)
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Figure 1. Two-dimensional slices of thickness 277/1024 in the yx-plane of the inertial particle positions
(a) without and () with gravity for St =2.

where Aky is the bandwidth of the wavelets at each level / and oil+l =,/ Vl.lH Vzll. 1/ V2ll.

is the scaling factor required to achieve L% normalisation. The volume-based wavenumber
ky is defined as

~1/3

L
kv=n|—Y V/ , (3.11)

where N is the total number of detail coefficients at level /. The term Mz[df ] is the second-
order moment of the detail coefficients, computed as Mz[df] =(1/Ny) ZN’ (df )2. For

i=1
more details on multiresolution analysis of tessellations we refer the reader to Matsuda

et al. (2022) and Matsuda, Maurel-Oujia & Schneider (2026).

4. Results and discussions

Figure 1 shows the spatial distribution of particles in two-dimensional slices of the domain
for St = 2 without and with gravity. The particle distribution is represented in the yx-plane,
with y as the abscissa and x as the ordinate since gravity points in the negative x direction.
This orientation is chosen to make the interpretation of the figures more intuitive for the
reader, and the same is done for the other spatial visualisations throughout this paper. In
figure 1, we can observe non-uniform particle distributions characterised by pronounced
clusters and voids, i.e. clustering. It is well known that the particle distribution depends on
the Stokes number (Squires & Eaton 1990, 1991). Figure 1 also demonstrates that gravity
impacts the particle distribution. In the present case, for instance, we can observe an
elongation of clusters in the vertical direction, i.e. the direction of gravity. In the following,
we will therefore seek to quantify the impact of the Stokes number and gravity on the
behaviour of inertial particles.

In this section, we present the various results obtained for the volume, divergence, curl
and helicity of inertial particles, for both cases without and with the influence of gravity.
Several observations are consistent with results reported in previous studies (Bec et al.
2014; Gustavsson et al. 2014; Ireland et al. 2016a,b). We include them directly in the
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Figure 2. The PDFs of volume of modified Voronoi tessellation normalised by the mean V,, /VT, for different
Stokes numbers (@) without and (b) with gravity. The black dashed line represents the volume distribution in
the case of the same number of randomly distributed particles.

following subsections to provide a consistent baseline and to organise the subsequent
interpretation of the new results. The presented statistics, including the probability
distribution functions (PDFs), variance and flatness, are obtained by averaging over
five snapshots, in which we have 1.07 x 10° particles per snapshot. The wavelet energy
spectrum is computed from one snapshot with 1.34 x 108 particles due to limitations of
the computational resources.

As shown in Appendix A, reducing the number of particles alters neither the shape
nor the amplitude of the spectral distribution of energy although this reduction shifts
the distribution slightly towards larger scales. Despite this scale shift, we anticipate that
changing the number of particles does not affect comparisons involving the Stokes number,
indicating that the key conclusions remain consistent.

4.1. Volume distribution of inertial particle cells

To examine the effects of particle inertia and external forces, such as gravity, on
how particles are clustered, we explore the volume distribution of modified Voronoi
tessellations. Figure 2 shows the PDFs of the volume of modified Voronoi tessellations
normalised by the mean V), / V), for different Stokes numbers, both (a) without and (b) with
gravity. These visualisations provide insights into the spatial distribution and clustering
behaviour of inertial particles. Similarly to Monchaux, Bourgoin & Cartellier (2010), we
define cluster cells as cells that have a volume smaller than the left intersection value
(Vp/ V), 2 0.4) of the PDF of the volume of inertial particles and the PDF of the volume of
randomly distributed particles, and void cells as the cells that have a volume larger than the
right intersection value (V,/V,, =~ 3). In the gravity-free case, it can be observed that, as
the Stokes number increases and gets closer to 1, the number of cluster cells increases, and
then decreases after exceeding St = 1. This has also been observed in Dejoan & Monchaux
(2013) and Baker et al. (2017), although here we show the volume of modified Voronoi
cells and not that of the classical Voronoi. For void cells, a similar behaviour is observed,
i.e. the number of void cells increases up to St=1, and then slightly decreases. This
illustrates that the clustering is the most pronounced for St~ 1. In the case with gravity,
the increasing trend in the number of cluster cells continues even for St > 1, in contrast to
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Figure 3. (a) Variance V and (b) flatness I of the particle-velocity divergence D(v,,) normalised by the
Kolmogorov time scale 7, for different Stokes numbers without ( fg =0) and with ( fg = g) gravity.

the gravity-free case. Similarly, for void cells, their number continues to increase slightly.
Thus, the clustering is more pronounced persistently as the Stokes number increases even
for Stokes numbers higher than 1.

4.2. Divergence of particle velocity

In this subsection, we aim to understand how inertia and gravitational forces affect
particle-velocity divergence, using tessellation-based divergence derived from modified
Voronoi cell volume changes, as detailed in § 3.2. This understanding is crucial as the
clustering formation and destruction of particles is inherently related to the particle-
velocity divergence. By examining the particle-velocity divergence across different Stokes
numbers, we assess the influence of gravity and inertia on particle motion in turbulent
flows, providing insights into their dynamic behaviour.

Figure 3 shows the variance and flatness of the particle-velocity divergence for
different Stokes numbers with and without gravity. Here, the variance is defined as
V(X) = ((X — (X))?), and the flatness by F(X) = (X — (X))*)/((X — (X))?)?, where
(-) denotes the ensemble average. Variance offers insight into the average level of
divergence fluctuation, while flatness, a normalised fourth-order statistical moment,
provides an indication of the distribution’s tails. Specifically, high flatness values signify
the presence of more statistically extreme events, characteristic of non-Gaussian and
spatially intermittent behaviour. For a Gaussian distribution, the flatness value is equal
to 3. For the corresponding PDFs see Appendix B.

For the case without gravity, we observe that the variance increases with the Stokes
number. This is consistent with the expectation that particles exhibit a greater tendency to
converge or to diverge due to the large particle relaxation time. The flatness also increases
with the Stokes number for St << 0.2, but then decreases with the Stokes number for
St > 0.2. This could suggest that the particle-velocity divergence is less intermittent for
St < O(1).

We observe that the statistics for the particle-velocity divergence are similar in both
scenarios without and with gravity for St < 0.2,1.e. S, < 1.36. For St > 0.5 (i.e. S, > 3.39),
we can observe a discrepancy in both variance and flatness between the two cases for the
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absence and presence of gravity. These observations are expected, as notable changes are
typically anticipated when S, > O(1) (refer to table 1).

In the scenario with gravity for St > 0.5 (i.e. S, > 3.39), the variance is smaller than
that in the scenario without gravity. It increases along with St up to St=2 (i.e. S, = 13.6),
although at a smaller rate compared with the gravity-free case, and decreases for St > 2.
The flatness, on the other hand, shows a decrease from St=0.5 to St=1 although it
increases with St for St > 1. The increase in the flatness for St > 1 with gravity, suggests a
transition to a different regime due to strong gravitational effects.

In Ireland et al. (2016b), the variance of relative particle velocities, both parallel and
perpendicular to the separation vector, is examined. It is shown that gravity reduces the
variance of relative velocities at small separations, with a more significant reduction as
the Stokes number increases. This reduction in the relative velocities is explained by the
fact that gravity reduces the effect of the path-history interactions (Gustavsson et al. 2014;
Ireland et al. 2016b). This effect could also explain the observed reduction in the variance
of the particle-velocity divergence in the presence of gravity, compared with the case
without gravity.

Figure 4 shows the spatial distribution of particles in two-dimensional slices of thickness
27 /1024, i.e. half of the grid spacing, of the domain. The particle positions are represented
by colours that correspond to the particle-velocity divergence D(v,). This visualisation is
presented for three distinct Stokes numbers, both without and with gravity.

For the Stokes number of 0.1, as depicted in panels (a) and (b), we can see small void
regions and a majority of the domain exhibits a nearly uniform distribution in cases both
without and with gravity. The impact of gravity on the divergence values at the particle
position appears significantly small. This observation is consistent with observations in
the PDF of the divergence in figure 14.

For the Stokes number of 1, shown in panels (¢) and (d), there is noticeable particle
clustering. Here, we observe fine clusters and distinct void regions. Moreover, differences
between the scenarios without and with gravity are apparent. In the absence of gravity,
the distribution of clusters is isotropic, and we can see different types of clusters: clusters
where all particles strictly converge or diverge, and clusters where some particles converge
and others diverge within the same cluster. In contrast, with gravity, particles tend to align
somewhat more with the direction of gravity, and clusters often exhibit more uniform
divergence signs, i.e. clusters primarily composed of either converging or diverging
particles.

At an even higher Stokes number of 5, as illustrated in panels (e) and (f), the influence
of gravity is significant. In the absence of gravity, clusters are more dispersed, and void
regions are less distinct compared with St = 1. Moreover, in the absence of gravity, at a
given position, neighbouring particles can take significantly different divergence values,
which is a local signature of caustics where the particle velocity becomes multivalued.
These large positive and negative divergence values and the more diffuse clusters (i.e. less
filamentary structures with reduced void contrast) observed at large Stokes numbers are
consistent with model studies showing that caustics can weaken spatial fractal clustering
in the sense that the spatial correlation dimension increases, potentially up to three (the
dimension of physical space), as caustics become more prevalent (Meibohm et al. 2020).
In contrast, gravity introduces noticeable anisotropy by significantly elongating clusters in
the direction of gravity, similar to the observations reported in Ireland et al. (2016b). The
divergence varies continuously within the domain, even though some locations of extreme
variation can be observed. In this regime, there is a noticeable reduction in overall particle
divergence compared with scenarios without gravity. This indicates that gravitational
forces significantly influence particle trajectories. This could potentially reduce the
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turbulent interactions that typically drive convergence and divergence of particles. Overall,
the observed patterns confirm previous studies (Bec et al. 2014; Gustavsson et al. 2014)
and provide the physical context for the interpretation of the multiresolution analyses
introduced below.

For high Stokes numbers without gravity in figure 4, we can observe cluster regions
exhibiting both positive and negative divergence. The behaviour could explain the increase
in variance for St > 0.5 as the Stokes number increases in the absence of gravity. This
occurs when their inertial properties lead to more frequent crossing trajectories, i.e. the
particle velocity becomes multivalued, which is referred to as caustics (Wilkinson &
Mehlig 2005; Bec et al. 2010). Consequently, particles, on the whole, are more likely
to converge or diverge strongly.

However, as this behaviour is more generalised, these events are statistically more
frequent, resulting in a reduced flatness as observed in figure 3. In contrast, in the presence
of gravity for St > 1, caustics are rarely observed (as illustrated in figure 4). When caustics
do occur, they represent extreme deviations from typical fluctuations (i.e. the variance),
thereby resulting in an increased flatness. It may be that, despite the overall damping effect
of gravity, intermittent strong vortices occasionally cause particle clusters with distinct
time histories to converge, leading to caustics.

These extreme divergence values originate from caustics. In phase space the particle
dynamics evolves on a folded manifold, so that several velocity branches coexist at
the same position. When this structure is projected onto configuration space (x-space),
particles on different branches approach the same location and cross with large relative
velocities (Bec et al. 2024). In the idealised continuum description this collapse
corresponds to the divergence of the particle-velocity field tending to —oo at the
caustic (Meibohm et al. 2020) and then resuming from +oo immediately after crossing.
In practice, such infinite values occur statistically only on sets of zero measure in
configuration space, so that in a discrete particle system with a finite number of particles
one observes very large but finite divergence values instead. This is analogous to the
fact that, in one, two or three spatial dimensions, two points sampled from a continuous
distribution coincide with probability zero. In a continuous-time description each particle
trajectory is a one-dimensional curve in space-time, and in one spatial dimension (two-
dimensional space—time) such curves can intersect with non-zero probability, whereas in
two or three spatial dimensions their intersections occur only on sets of zero measure
so that exact coincidences are not expected in a finite particle sample. Within particle
clusters this process can occur almost simultaneously for many neighbouring particles,
which produces the observed pattern of divergence alternating between large negative and
large positive values at small scales.

We now aim to quantify observations made in figure 4 and assess the particle-velocity
divergence at various scales. To this end, we apply the multiresolution analysis detailed in
§ 3.3, to the previously computed divergence. Figure 5 shows the wavelet energy spectrum
of the particle-velocity divergence for different Stokes numbers, both in the absence and
presence of gravity. The spectra are normalised by using the Kolmogorov scale 7, the
kinematic viscosity v and the energy dissipation rate €. The advantage of this method over
the Fourier spectrum lies in its spatial locality, which is essential for capturing transient
and localised events. Furthermore, the method operates on graphs, which represent the
native structure of the data we work with, thereby eliminating the need to project the data
onto a Cartesian grid for classical Fourier and wavelet analyses.

For 0.1 < St < 0.5, the spectra show a peak around ky n ~ 0.5. This means that the scale
of cluster and void formation is almost the same for these Stokes numbers. Additionally,
an increase in the Stokes number leads to an increase in the spectrum amplitude.
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Figure 5. Wavelet energy spectrum of the particle-velocity divergence Ep (ky) for (a) small and (b) large
Stokes number without (solid lines) and with (dashed lines) gravity.

This phenomenon could be linked to the increased particle relaxation time, as already
discussed for figure 3. In contrast, for St = 0.05, the magnitude is much lower and no clear
peak is observed at kyn = 0.5. For such low inertia, the particle divergence is expected
to be nearly zero, so the results at small scales are dominated by correlated numerical
noise, as similarly observed when computing the divergence for St = 0 (Oujia et al. 2020).
The decay of the spectrum at large wavenumbers is consistent with the fact that, for small
Stokes numbers, relative velocities at small spatial separations remain weak (Bhatnagar,
Gustavsson & Mitra 2018). As a result the particle-velocity field is smooth at the smallest
scales and the divergence tends to vanish as the inter-particle separation goes to zero, so
that little spectral energy is present at the largest wavenumbers.

In the cases of St > 1 without gravity, we can see that, as the Stokes number increases,
the overall amplitude of the spectrum increases, and the wavenumber with the spectrum
peak shifts to higher values, i.e. smaller scales. This behaviour can be attributed to the
formation of caustics. When the velocity becomes multivalued, the divergence calculated
using the tessellation-based method becomes noisy at small scales. As the range of values
that the multivalued particle velocity can take expands, the amplitude of the spectrum at
high wavenumbers also increases, due to the sampling, which creates discontinuities in the
particle velocity. For the case St = 5 without gravity, although a decay is not apparent over
the wavenumber range accessible in our data, this does not imply that the spectrum keeps
increasing indefinitely toward smaller scales. Joint statistics of separations and relative
velocities at comparable Stokes numbers show that large relative velocities at very small
separations are possible but remain much less probable than small relative velocities
(Bhatnagar et al. 2018). In the context of phase-space models (Bec et al. 2024), this
corresponds to a regime where the phase-space correlation dimension D, remains below
three, so that the second-order structure function of particle relative velocity, denoted
S2(R), still tends to zero as the separation R tends to zero. Typical relative velocities
therefore vanish at vanishing separation, even though rare caustic events produce large
fluctuations of the relative velocity. In this situation, we expect the divergence spectrum
to reach a maximum and then decrease at the largest wavenumbers, and the absence
of a clear decay at St=35 is most likely due to the finite number of particles and the
limited range of resolved ky . For even larger Stokes numbers, when D, exceeds three and
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the spatial correlation dimension (152 =min{ Dy, 3}) saturates at three, theory and model
studies indicate that S>(R) approaches a constant as R tends to zero (Simonin et al. 2006;
Bec et al. 2024). This regime of random uncorrelated motion corresponds to a divergence
field that behaves like small-scale spatial noise in three dimensions, and in such a case the
associated isotropic spectrum is not expected to decay at the largest wavenumbers, with its
asymptotic scaling determined by the statistical properties of the underlying random field
and one may conjecture a k%, scaling at large wavenumbers.

In contrast, for St > 1 with gravity (i.e. S, > 6.79), the general trend is a decrease in the
overall amplitude of the spectrum when the Stokes number increases, and the wavenumber
with peak shifts to lower values. This behaviour could be explained by the influence of
gravity, which is conjectured to reduce the residence time of particles with large Stokes
numbers within small vortices (Matsuda et al. 2017), thereby leading to fewer interactions
with these structures. Thus, this weaker interaction with small-scale eddies reduces their
contribution to the particle-velocity divergence, resulting in the peak shift toward larger
scales.

4.3. Rotation of particle velocity

In this subsection, we investigate the curl of the particle velocity to understand how inertia
and gravity affect the rotational behaviour of inertial particles. The curl of the particle
velocity is computed using the method described in § 3.2. Studying the curl of the particle
velocity provides insights into the vortical motion and the shearing behaviour in particle
motion. In the gravity-free case, the behaviour of inertial particles is isotropic since we
consider isotropic turbulence. Hence, we do not need to distinguish between coordinates
in the gravity-free case. However, in the presence of gravity, the particle behaviour can
be anisotropic. Therefore, we examine statistics separately for the curl component in the
x-direction, i.e. in the same direction as gravity, and the curl components in both the y- and
z-directions, i.e. perpendicular to the direction of gravity.

Figure 6 provides a quantitative measure of the variance and flatness of the curl of
particle velocity C(v,) normalised by the Kolmogorov time scale 7, for different Stokes
numbers. The corresponding PDFs are shown in Appendix B. In all cases, the variance
and flatness are computed over the union of the sets of values corresponding to the
individual curl components. In the absence of gravity, this union is formed by combining
the x-, y- and z-component values. In the presence of gravity, however, only the horizontal
components (i.e. the y- and z-components, which are statistically homogeneous) are
merged, while the vertical x-component is treated separately. We observe that for St < 0.2,
indicating a negligible impact of gravity, the variance slightly decreases while the flatness
is almost constant. However, as the Stokes number increases further, we note that the
variance increases in the absence of gravity, which is explainable by a more frequent
occurrence of particle trajectory crossings. In contrast, in the presence of gravity, it
increases from St=0.2 to St=2 (i.e. from S, = 1.36 to S, = 13.6) and then decreases,
illustrating the impact of the gravity on the particle dynamics. This decay in variance
for St > 2 is steep compared with the increase for 0.2 < St < 2, and the variance value for
St =5 is significantly lower than that for all other considered Stokes numbers, even smaller
ones like St=0.05. Concerning the flatness, in the absence of gravity, flatness values
increase from St=0.2 to Sr=1, and then decrease for higher values of Sz. Conversely,
in the presence of gravity, flatness continues to increase for St > 0.2 (i.e. S, = 1.36).
The observed dependence of the flatness on the Stokes number can also be attributed to
particle trajectory crossings. Indeed, the flatness of the curl appears to effectively quantify
the intermittency associated with such crossing events. Furthermore, the variance and
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Figure 6. Variance V (a) and flatness I (b) of the curl the particle velocity C(v,) normalised by the
Kolmogorov time scale 7, for different Stokes numbers without (f, =0) and with (f, = g) gravity in the
x-direction (Cx (vp)), and the y- and z-directions (Cy (v )).

flatness are slightly lower for the curl along the x-direction compared with those along
the combined y- and z-directions for almost all considered Stokes numbers although the
behaviour of these quantities is similar across the different directions.

Figure 7 presents the spatial distribution of particles in two-dimensional slices of the
domain, coloured by particle enstrophy Z(v ), i.e. the squared norm of particle vorticity

(Z(p)=1IC(vp)l |%), for three distinct Stokes numbers, for both cases, i.e. without and
with gravity. For St = 0.1, enstrophy exhibits local fluctuations with significant variations
between regions with strong rotation and those where particles are only transported. In
regions where the particles are present, the enstrophy of inertial particles is similar to
the enstrophy of fluid flow (e.g. see Maurel-Oujia et al. 2024), while the particles are
not present in high enstrophy regions due to the centrifugal effect. This observation is
consistent with the fact that particles continue to closely follow the fluid for this Stokes
number. As expected, no significant difference can be observed between the cases without
and with gravity. For St = 1, aside from the elongated clusters in the direction of gravity
that we previously observed, difference in the enstrophy for the cases with or without
gravity is not obvious in the visualisations. Conversely, for St = 5, a distinct difference can
be observed in the magnitude of enstrophy between the cases without and with gravity. In
particular, the value of enstrophy is significantly lower than that for the other considered
Stokes numbers. In the gravity-free case, a similarity can be seen between the regions
where the value of enstrophy is highest and the regions where the values of divergence
oscillate, as shown in figure 4. This is due to the caustics, which are interpreted by the
computational method as extreme values.

We aim to assess the curl of particle velocity across various scales of motion by applying
the multiresolution analysis framework to the curl, aiming to quantify our observations
from the preceding figure. Figure 8 presents the wavelet energy spectrum of the curl of the
particle velocity for various Stokes numbers, illustrating particle behaviour both without
and with gravity. Panel (a) depicts the scenario without gravitational influence, while panel
(b) demonstrates the effects of gravity, analysed separately along the x-direction, and the
y- and z-directions. Each curve represents an average of the various quantities considered.
Specifically, in panel (a) we display Ec(ky) = (Ec, (kv) + Ec, (kv) + Ec. (kv))/3, while
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Figure 7. Two-dimensional slices of thickness 27/1024 in the yx-plane of the inertial particle positions
coloured by the enstrophy of the particle velocity 1,723 (vp) (a,c,e) without and (b,d,f) with gravity for (a,b)
St=0.1, (c,d) St=1and (e,f) St =5.
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Figure 8. Wavelet energy spectrum of the curl of the particle velocity for different Stokes numbers: (a) the
spectra ¢ (ky) for the case without gravity and (b) the spectra for the case with gravity in the x-direction
(solid lines) and in the y- and z-directions (dashed lines), £¢, (kv) and Scm (ky), respectively.

in panel (b) the solid line corresponds to &, (ky), and the dashed lines represent
Scy’z (ky) = (Scy (ky) + &, (ky))/2. For small Stokes numbers, we observe a slight shift
of the spectrum towards larger scales as inertia increases. Then, for 0.2 < St < 2, there is
a decrease in the peak value of the spectrum along with the increase in St. This decrease
in the peak value of the spectrum is more significant in the presence of gravity up to
St=35. We can observe that, in the case with gravity, the peak value is slightly larger in
the x-direction than in the y- and z-directions, while the opposite can be observed for
small wavenumbers. In the scenario without gravity, there is also a notable increase in the
higher wavenumbers as the Stokes number increases for St > 0.5, which is due to particle
crossings and random behaviour of the particles. This is particularly visible for St =5, as
we had already observed in figure 7. Thus, in the case without gravity, we observe that
rotational motion at scales corresponding to kyn = 0.5 diminishes as the Stokes number
increases. For St=35, it is noted that the majority of the contribution to the PDF of the
curl of the particle velocity in figure 15(a) is due to small scales, which are attributable to
caustics. In the case with gravity, we observe a decrease in the amplitude of the wavelet
energy spectrum. Particles tend to be advected mainly in the direction of gravity at a
relatively spatially uniform speed across different regions of the domain. This results in
shear reduction of the particle velocity, and thus in reduced enstrophy values at all scales.

4.4. Helicity of particle velocity

In this subsection, we analyse the relative helicity of the particle velocity to discern the
underlying swirling motion of inertial particle-laden turbulent flow and to understand the
nature of particle motion influenced by forces such as inertia and gravity. The study of
helicity provides insights into coherent or incoherent particle motion and is considered
a topological statistics. Large helicity values, i.e. strong alignment or anti-alignment
between velocity and vorticity, tend to suppress chaotic mixing and lead to swirling three-
dimensional motion. Thus helicity can be seen as a measure of flow organisation. In this
work, we refer to coherent particle motion as the coordinated, non-random motion of a
group of particles (a particle and its neighbours, or clusters) that forms structures persisting
in time and space. In such regions, particle related quantities, such as particle velocity,

1037 A62-20


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2026.11715

Downloaded from https://www.cambridge.org/core. IP address: 92.184.136.112, on 24 Jun 2026 at 18:30:52, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2026.11715

Journal of Fluid Mechanics

vorticity, divergence or helicity, exhibit weak fluctuations within the group, in contrast to
the strongly irregular variations expected for random particle motion.

Rewriting the incompressible Euler equations in terms of the Lamb vector reveals that
nonlinearity decreases when the velocity aligns with the vorticity, corresponding to a
relative helicity of —1 or 1. This alignment between these two quantities simplifies the
flow motion. Moreover, in incompressible flows it has been observed that vortex tubes
often maximise helicity (Tsinober & Levich 1983; Levich 1987). In Farge, Pellegrino &
Schneider (2001), helicity is utilised to identify vortex tubes and to distinguish between
coherent structures and incoherent motion within the flow. It is observed that the PDF of
the relative helicity of the coherent flow exhibits a convex shape with two pronounced
maxima at —1 and 1, while the incoherent flow has a concave shape with a maximum at
0. In this section, we will adopt a similar approach for helicity of the particle flow. The
relative helicity plays the same role even for coherent particle flows when the flows are
close to continuous since the particle momentum equation obtained from the Boltzmann
equation has a similar form to the Navier—Stokes equation (Kasbaoui et al. 2019). However,
the same idea may not be applicable when the effect of random particle motions exceeds
the effect of the nonlinear transport relevant to the Lamb vector. Therefore, the relative
helicity may not be an appropriate indicator of coherent structure in the caustic regions.

Unlike divergence or curl, helicity is not Galilean invariant. When a uniform mean
velocity is applied to the entire flow field, the helicity value changes. We can express the
particle velocity as v, = v;, + v, where v;, represents the fluctuating component of the
particle velocity and v, is the mean particle-velocity vector. For the case without gravity,
v, is statistically zero vector since the particle motion is affected only by the HIT, whereas
for the case without gravity, v, deviates from zero vector due to the gravitational settling
velocity. When v, # 0, we have

v,-C(v,)
Hwv,) = P b 4.1
@) = L TCw e
/.C / e .C /
U COy) 40, - COy) H()). 4.2)

~ I, 5l IC@)Il

For this reason, in the case with gravity, we have also computed the relative helicity H(v/p)
after subtracting the mean particle velocity in the x-direction from the particle velocity, in
addition to H (v ).

Figure 9 shows the PDFs of the relative helicity of particle velocity for various Stokes
numbers, both without and with gravity. As the impact of gravity is very low, no significant
change is expected. In the gravity-free scenario, as the Stokes number increases, the PDF
shape becomes more convex, exhibiting two distinct maxima a 1. In Farge et al. (2001),
this pattern was shown to be characteristic of coherent structures in fluid turbulence. This
suggests that similar conclusions can be drawn for the motion of inertial particles, i.e. this
pattern indicates coherent structures in the motion of inertial particles. A transition occurs
at St =2, where the PDF shape shifts from convex to concave shape. At St =15, the PDF
becomes concave, showcasing a maximum at 0 and two minima at 1. This distribution
implies that the vorticity is more likely to be orthogonal to the particle velocity at higher
Stokes numbers, suggesting a predominantly two-dimensional particle motion, i.e. the flow
is only weakly swirling. This pattern is indicative of incoherent motion in fluid turbulence
(Farge et al. 2001), and by analogy, similar conclusions can be applied to the motion of
inertial particles.
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Figure 9. The PDFs of the relative helicity H(v,) of the particle velocity for different Stokes numbers (a)
without and (b) with gravity and (c) the relative helicity ’H(v},) of the particle-velocity fluctuation for the case
with gravity.

In figure 9(b), we can observe that particle motion is strongly helical for the larger Stokes
numbers. This is consistent with the results shown in figure 8, where the magnitude of x-
component of the curl is higher compared with the other directions. Given that the mean
particle velocity is also oriented along the x-direction due to gravity, it is expected that
we observe a greater alignment between velocity and vorticity vectors, resulting in higher
helicity values.

This behaviour is reduced in figure 9(c¢) where the mean particle velocity has been
subtracted, although the motion remains helical. While in the gravity-free case, the PDF
tended to become concave and the motion more two-dimensional for the larger Stokes
numbers studied, in the presence of gravity, the relative helicity exhibits increasingly
helical behaviour as the Stokes numbers increase, even for St=15. This suggests that
particles tend to exhibit swirling motion as they fall. The influence of gravity, therefore,
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Figure 10. Average of the second derivative of the PDF of the relative helicity H(v,) for different Stokes
numbers without (0, H(v,)) and with gravity without modification (g, H(v,)) and by removing the mean
particle velocity in the x-direction (g, H(v;,)).

appears to enhance the coherence in the particle motion, leading to more helical flow
patterns, particularly at higher Stokes numbers.

These various observations can be quantified in figure 10, which presents the average
values of the second derivative of the PDF of relative helicity, i.e.

—r_ [ 3
" —
p'(H) = /_1 e dH. 4.3)
This quantity permits assessment of the convexity of the PDF curves, thereby enabling
a quantitative evaluation of the coherent or incoherent motion of the particles. Curve
smoothing was applied using the Savitzky—Golay algorithm (Savitzky & Golay 1964)
before computing the second derivative of each PDF curve. A value close to zero indicates
a curve with a linear shape, a positive value denotes a convex curve and a negative value
signifies a concave curve. For St = 0.1, the value of convexity is positive but low. In the
case without gravity, we can observe an increase in convexity with a maximum value at
St=0.5, followed by a decay until St =35 where the value becomes negative, with the
highest amplitude among all Stokes numbers considered in the absence of gravity. In the
case with gravity, there is no observed decrease in convexity, reaching a maximum at
St =15. In the case with gravity, with the mean particle velocity subtracted, the convexity
also increases but not as strongly compared with not subtracting the mean particle velocity.
We can also note that the convexity values for St = 0.2 and St = 0.5 are similar, which is
further reflected by the fact that the PDFs are almost superimposed.

To further assess the coherence of particle motion and to clarify the role of caustics
in shaping the relative helicity statistics, we complement the PDF based analysis with
spatial visualisations and conditional probabilities of helicity. Figure 11 shows the spatial
distribution of particles in two-dimensional slices of the domain, coloured by the relative
helicity associated with the fluctuating particle velocity. Unlike the divergence and
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H(v,)

Figure 11. Two-dimensional slices of thickness 27 /1024 in the yx-plane of the inertial particle positions
coloured by the relative helicity of the fluctuating particle velocity (a,c) without and (b,d) with gravity for
(a,b) St=1and (c,d) St=5.

enstrophy visualisations, we do not show the low-inertia case (e.g. St=0.1) since we
focus on regimes where a difference between the cases without and with gravity becomes
visible. We can observe that, except for the case St =5 without gravity, helicity exhibits
spatially continuous fluctuations, with progressive variations from one particle to another
in regions where particles are present. We also find that, except for St = 5 without gravity,
the majority of particle clusters has large helicity magnitude values which means that
they exhibit swirling motion. This is particularly interesting for the case St=35 with
gravity where strong helicity magnitude indicates that the settling of heavy particles takes
place in a swirling motion. Conversely, for St=5 without gravity, we observe a strong
intermittency of helicity, with abrupt variations, including changes in sign and amplitude,
for particles that are close to each other. This intermittency is nevertheless not uniform
throughout the domain, and some regions instead show smoother variations, comparable to
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Figure 12. Conditional probabilities of observing a low relative helicity |H| < 0.1 (blue lines) and a high
relative helicity [H| > 0.9 (red lines) as a function of the local variance of the particle-velocity divergence
(used here as a proxy to identify caustic regions), Vy;,(t,;D(v))), evaluated in spatial bins on the yx-plane
using a 512 x 512 grid for particles belonging to a slice of thickness 27r/1024. The probabilities are estimated
by grouping particles into 256 variance quantile bins, and the curves are smoothed for readability using a
Gaussian filter with o =3.0. Results are shown (a,c) without and (b,d) with gravity for (a,b) St=1 and
(c,d) St=>5.

those observed for the other parameters. By comparing the helicity distribution for St =5
without gravity (figure 11c¢) with the corresponding divergence visualisation (figure 4¢) we
observe that the regions where helicity is the most intermittent coincide with regions where
divergence exhibits intense oscillations that are characteristic of caustics. Conversely, the
continuous transitions of helicity correspond to regions where these caustic signatures
are absent or weak. A similar correspondence, although less pronounced, can also be
observed for the other cases by comparing with the corresponding divergence figure.
We predict that, when helicity is intermittent in caustic dominated regions, it should
also exhibit strong temporal fluctuations. In particular, during trajectory crossing events
associated with caustics, the local helicity carried by the particles is expected to vary
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rapidly, indicating that it is not temporally stable in those regions. However, the fact that
helicity becomes intermittent in caustic regions does not provide information on the impact
of caustics on the helicity distribution.

To quantify the impact of caustics on helicity, we relate the relative particle helicity to
local divergence fluctuations, using the variance of 7, D(v,) as a proxy to localise regions
dominated by caustics. We discretise the yx-plane on a regular 512 x 512 grid and within
each bin we compute the variance V;, (7,D(v,)) from the values carried by the particles
located in that bin. Each particle is then assigned the variance of the bin that contains
it. Figure 12 shows, for St =1 and St =15 and for the cases without and with gravity, the
conditional probabilities of observing a low relative helicity P(|H| < 0.1|Vp;, (t;D(v)p)))
and a high relative helicity P(|H| > 0.9|V;, (t,D(vp))) as a function of Vp;, (t,D(v)p)).
These probabilities are estimated by grouping particles into 256 classes defined by
variance quantiles and then computing within each class the fraction of particles satisfying
each threshold. The curves are smoothed using a Gaussian filter with parameter o = 3.0
to improve readability. If caustics had no impact on helicity, we would expect to observe
a constant curve, up to statistical noise. We can observe that, for St = 1 without and with
gravity, indeed no clear trend emerges, as the statistics are dominated by noise due to the
limited number of samples. Conversely, for St =5, a trend appears in the evolution of both
probabilities. This trend is clear in the case without gravity. More precisely, the probability
of observing a low relative helicity increases with the divergence variance, and thus with
caustic intensity, whereas the probability of observing a high relative helicity decreases as
the divergence variance increases.

5. Conclusions

In this work we studied the behaviour of one-way coupled inertial particle-laden
homogeneous isotropic turbulent flows over a range of Stokes numbers (0.05 < St < 5)
at a Taylor-microscale Reynolds number Re, =204. Simulations were conducted both
with and without gravitational settling. In the former case, the Froude number was
fixed at Fr=0.145. We applied a novel tessellation-based methodology to quantify
and to analyse the multi-scale properties of particle velocity, including its divergence,
curl, helicity and their corresponding energy spectra. This approach provided a deeper
understanding of the nuanced dynamics governing inertial particle-laden flows. The graph-
based multiresolution analysis provides quantitative insight into the scale distribution of
the particle-velocity divergence and curl, and it shows in particular that gravitational
settling shifts the dominant activity toward larger scales, whereas in the absence of gravity
caustics increasingly concentrate the activity at smaller scales for large St. In addition,
the helicity analysis indicates that, at high St, gravitational settling is associated with
more pronounced coherent swirling motion, with increased alignment and anti-alignment
between the particle velocity and the particle vorticity.

Throughout this investigation, we observed that for small Stokes numbers (St < 0.2,
equivalent to S, < 1.36 in this work), as expected from many past studies, there is
no significant difference between scenarios without and with gravity in terms of their
distribution or dynamic behaviour concerning divergence, curl or helicity. This indicates
that gravitational effects are negligible in this low-inertia regime with small settling
velocity. In our results, differences between the cases without and with gravity become
perceptible for S, =3.39 (§t=0.5 for Fr=0.145), and are clearly visible for S, =6.79
(St=1). This is consistent with the expectation that changes become significant once
Sy = O(1). For comparison, Ireland er al. (2016b) report that the influence of gravity
on relative particle velocities, which provides a useful proxy for gauging the strength of
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settling effects, is less apparent at weak settling, S, =5.79 (St = 0.3 in their Fr =0.052
dataset), whereas it becomes pronounced for S, = 19.3 (St=1).

The particle distribution undergoes significant transformations as the Stokes number
increases. By examining the volume distribution in the absence of gravity, we observe
more pronounced clusters and void regions as the Stokes number increases up to
St=1, while particles become more dispersed for St > 1. Conversely, in the presence
of gravity, void regions persist even for St > O(1), indicating that gravity sustains these
inhomogeneities for larger inertia. This may be because gravitational settling reduces
trajectory crossings associated with caustics and the resulting small-scale mixing, which
otherwise tend to weaken the contrast between clusters and voids at large Sz.

Consistent with previous studies, our results confirm that the spatial structures of the
particle dynamics are significantly altered by gravity. Here, we further quantify how the
associated modifications in clustering and void formation are reflected in the particle-
velocity divergence. In the absence of gravity, particles at higher Stokes numbers exhibit
more frequent crossing trajectories and multivalued velocities (corresponding to caustics),
resulting in highly variable convergence and divergence values at small scales. In contrast,
gravitational settling can modify the prevalence of caustics and the associated small-
scale variability, consistent with analyses of how the caustic formation rate depends
on gravity (Gustavsson et al. 2014). At the same time, particle inertia acts as a low-
pass filter of the carrier flow velocity, which reduces the contribution of the smallest
turbulent fluctuations to the particle velocity. Statistical analyses confirm that for large
Stokes numbers the intermittency of the particle flow increases. The wavelet energy
spectrum of the particle-velocity divergence shows that the amplitude of divergence
increases with the Stokes number for St < 1, due to the increase in inertia and hence the
creation and destruction of void regions. As the Stokes number increases beyond St =1,
without gravity, the peak of the divergence spectrum shifts toward higher wavenumbers
(kyn > 0.5), corresponding to smaller spatial scales, while with gravity, the peak shifts
toward lower wavenumbers (ky 1 < 0.5), associated with larger spatial scales. Gravity thus
appears to lead to more moderate fluctuations across the flow domain and to a relative
reduction in the smallest-scale variability of particle behaviour.

For the curl of the particle velocity, a significant change occurs as the Stokes number
increases. When St < 0.2 and in the absence of gravity, the variance of the curl slightly
decreases. This behaviour suggests that particles, which are still closely following the flow
due to their low inertia, tend to concentrate in regions of lower vorticity. As St increases
beyond 0.2 and without gravity, the variance of the curl rises with increasing Stokes
number, reflecting the enhanced inertial effects and the influence of turbulent structures
on the particle behaviour. The introduction of gravity modifies this behaviour for St > 0.2:
the variance increases with St more gently than without gravity, and it shows a maximum
at St = 2. For St = 5, the variance is significantly lower than at all other considered Stokes
numbers.

The analysis of relative helicity indicated that, as St approached one, the particle motion
increasingly adopts swirling motion. In the absence of gravity, this behaviour changes
with an increase in inertia towards quasi two-dimensional particle motion, i.e. absence of
swirl, whereas in the presence of gravity, the behaviour continues to become more helical,
suggesting organisation into more coherent particle motion.

These findings highlight a transition from relatively erratic to more coherent behaviour
as gravitational effects become pronounced, particularly at higher Stokes numbers,
elucidating the effects of inertia, gravity and turbulence. In our study, we focused on the
influence of the Stokes number and gravity, with a fixed Froude number, on the particle
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Figure 13. Wavelet energy spectrum of the particle-velocity divergence of inertial particles in HIT for
Rey =204, St=1.0 computed for different number of particles N, = 1.68 x 107, 6.71 x 107 and 1.34 x 108,

dynamics. Future investigations of the particle dynamics across varying Froude numbers
could provide valuable insights into particle behaviour.

A perspective for a possible low-order description of particle-laden flows is the coherent
cluster extraction, proposed in (Bassenne et al. 2017). Wavelet analysis, in the present work
generalised for point particles leading to multiresolution analysis on graphs, has been used
to extract coherent clusters applying thresholding to the wavelet coefficients. It was shown
that few per cent of the wavelet coefficients (< 2 %) can represent the clusters and thus
yield an efficient representation of the particle number-density field with a corresponding
non-uniform adaptive computational grid. This can then be useful for instance to compute
radiative transfer in particle-laden flow, e.g. with application in atmospheric dust clouds.
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Appendix A. Effect of the number of particles

Figure 13 shows the wavelet energy spectrum of the particle-velocity divergence computed
from DNS data, for Sr=1 without gravity considering different numbers of particles
N, =1.68 x 107, 6.71 x 107 and 1.34 x 10%. We can observe that the spectrum retains the
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Figure 14. The PDFs of the particle-velocity divergence D(v,) for different Stokes numbers (a) without and
(b) with gravity, normalised by the Kolmogorov time scale ;.

same shape but is shifted towards larger wavenumbers, i.e. smaller scales, as the number
of particles increases. This is consistent with the nature of one-way coupled inertial
particles. Indeed, as their number increases, the size of the cell volumes decreases, which
is represented by the higher values of ky . Furthermore, it is expected that the shape of the
spectrum does not change since the increasing number of particles does not influence the
behaviour of the flow.

Appendix B. Probability density function of divergence and curl

Figure 14 shows the PDFs of the particle-velocity divergence D(v,) normalised by the
Kolmogorov time scale 7, for various Stokes numbers, both without and with the influence
of gravity. The PDFs have a stretched exponential shape. In the absence of gravity, the
probability of having high positive or negative divergence values increases with the Stokes
number and then saturates for St > 1. In the presence of gravity, the PDF of divergence
shows a similar pattern to the non-gravity case for St < 2, but the probability of observing
large positive or negative values decreases at St = 5.

Figure 15 shows the PDFs of the curl C(v) of the particle velocity for various Stokes
numbers, detailing the effects without gravity (a) and with gravity on different directions:
the x-component (b), and the combined y- and z-components (c). Here, C, . (v,) denotes
the union of the y- and z-component distributions of the particle-velocity curl. The PDFs
illustrate how the Stokes number and the presence of gravity influences the rotational
motion of particles in the flow. The behaviour of the PDFs is similar to that of the PDFs
of divergence, i.e. the probability of high positive or negative divergence values increases
with the Stokes number for 0.2 < St < 2 in both the absence and presence of gravity. It
shows saturation in the absence of gravity and a reduction in the extreme values in the
presence of gravity for St > 2.
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