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Abstract Cluster and void formations are key processes in the dynamics of particle-laden turbulence. In this
work, we assess the performance of various neural network models for synthesizing preferential concentra-
tion fields of particles in turbulence. A database of direct numerical simulations of homogeneous isotropic
two-dimensional turbulence with one-way coupled inertial point particles, is used to train the models using
vorticity as the input to predict the particle number density fields. We compare encoder—decoder, U-Net, gen-
erative adversarial network (GAN), and diffusion model approaches, and assess the statistical properties of the
generated particle number density fields. We find that the GANs are superior in predicting clusters and voids,
and therefore result in the best performance. Additionally, we explore a concept of “supersampling”, where
neural networks can be used to predict full particle data using only the information of few particles, which
yields promising perspectives for reducing the computational cost of expensive DNS computations by avoiding
the tracking of millions of particles. We also explore the inverse problem of synthesizing the absolute values
of the vorticity fields using the particle number density distribution as the input at different Stokes numbers.
Hence, our study also indicates the potential use of neural networks to predict turbulent flow statistics using
experimental measurements of inertial particles.
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1 Introduction

The use of various tools and techniques from machine learning is becoming increasingly popular in the field of
fluid mechanics (e.g., [1,2]). These tools are advancing everyday, and evaluating their potential and capabilities,
especially of the deep neural networks, is critical to improve and maximize the use of data for modeling
and analysis of various flows. In particular, for particle-laden flow, Siddani et al. [3] used a combination of
convolutional neural networks and generative adversarial neural networks to recreate particle-resolved flow
fields around a random distribution of particles, and for closure modeling for forces on particles in Siddani
and Balachandar [4]. Machine learning was also used as described in Faroughi et al. [5] to predict the drag
coefficient of spherical particles translating in viscoelastic fluids and in Hwang et al. [6,7], to model the forces
and in Hwang et al. [8] to model collision on the nonspherical and irregular particles. For synthesizing flow
data, a method using harmonic wavelet phase covariance has shown high-quality results in modeling geometric
structures in turbulent flows [9] and inertial particles in turbulence [10].

These and other previous studies use machine learning to develop models for the fine-scale dynamics of
the flow and particles from the macroscopic scale of information, while the motivation of the present work is
to use machine learning to inform on the mesoscale clustering of inertial particles in turbulence from flow field
data without the need for information on individual particles’ position and velocity. Clusters of particles and
void regions are characteristic features of particle-laden turbulent flows, and their prediction and understanding
are essential in various industrial applications. This includes modeling radiative heat transfer in particle-laden
solar receivers, impacting radar signal processing in clouds, and influencing the dispersion of pollutants in the
atmosphere as well as droplets in combustion processes. For a recent review we refer to Brandt and Coletti
[11].

Measuring individual particles is typically impractical. In simulations, it can be time-consuming to compute
the trajectory of billions of particles. Hence, it is imperative to develop an alternative low-cost technique to
predict Eulerian description of particle distributions with varying parameters, e.g., increasing the number of
particles or changing the particle inertia, without the need for tracking these large number of particles. As a first
step, the prediction of particle distributions with the same parameters as the given data is important. The goal
of this work is to develop and test machine learning tools for this task, which is illustrated in Fig. 1. To this end,
four different neural networks, encoder—decoder, U-Net, generative adversarial network (GAN), and diffusion
model, are trained using direct numerical simulation (DNS) data. The aim is to synthesize one-way coupled
particle number densities for different Stokes numbers from snapshots of the vorticity field of two-dimensional
drift-wave turbulence, obtained by DNS [12]. The results are then compared against the point-particle DNS
data and statistically assessed. In return for high-fidelity training data, which is expensive, the present results
will contribute toward the development of efficient techniques that avoid expensive tracking of huge numbers
of particles in DNS computations.

A complementary approach, which is also considered here, is to invert the above procedure, i.e., particle
number densities are used as input for generating different flow quantities, e.g., absolute value of vorticity, as
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Fig. 1 A schematic illustrating the machine learning models used in this study. The left panel shows the input vorticity field,
which is processed by the neural network depicted in the center, and the right panel displays the resulting particle number density
field. The neural network illustration represents a conceptual overview of the model rather than its precise architecture, which is
provided in Fig. 4
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output that is of some interest for experimentalists. In fact, the squared vorticity yields enstrophy, which is
directly related to the energy dissipation, a quantity of major importance.

The remainder of the manuscript is organized as follows. Section 2 presents the neural network methodology
along with the details on the flow data set. Results are presented in Sect. 3, followed by the conclusion and
perspectives for future work in Sect. 4.

2 Methodology

In this section, we provide details on the data set used, as well as a description of the neural network architecture
and the training procedure. We assess different neural networks in this work, and the motivation behind using
different networks is to assess if more complex architectures yield improved results by generating fields that
have better quality with respect to the DNS data. However, a trade-off is certainly necessary in terms of
computational cost and accuracy. The vorticity is used as the input to predict particle number density fields. A
physical explanation behind using vorticity as the input quantity to generate the particle number density fields
is the dynamics of inertial particles in turbulence. Inertial particles in turbulent flows exhibit a non-uniform
spatial distribution, predominantly influenced by centrifugal forces. When the inertia of particles is small but
finite, they tend to concentrate in regions of low vorticity magnitude and high strain rates, a phenomenon
known as preferential concentration [13,14]. This effect arises because inertial particles in vortical regions are
subjected to significant centrifugal forces, leading to their ejection. Conversely, in regions of straining with
low vorticity, particles are more likely to accumulate due to reduced centrifugal expulsion. Other quantities
related to inertial particle dynamics, such as divergence or curl of the particle velocity, see e.g., Maurel-Oujia
et al. [15], could be likewise predicted. But in this work, we choose to focus on density, which is a more
fundamental quantity.

2.1 Data set description

The underlying data set consists of particle position and velocity data generated by DNS of particle-laden drift-
wave turbulence in the hydrodynamic regime, which is similar to 2D Navier—Stokes turbulence, as detailed in
Kadoch et al. [12]. The governing equations are solved in a L-periodic square with a Fourier pseudo-spectral
scheme, where L = 64. The flow reaches a statistically stationary regime, which is close to 2D homogeneous
isotropic turbulence with large scale forcing and exhibits a k~* turbulent kinetic energy spectrum as shown in
Fig. 2. The observation of a k—* turbulent kinetic energy spectrum aligns with findings in the literature, notably
by Legras et al. [16], where such spectral slopes where reported for 2D Navier—Stokes turbulence. Uniformly
distributed discrete particles are then injected into the fully developed flow and are tracked in the one—way
coupled Lagrangian framework. Maxey’s model [17] for inertial heavy point particles with Stokes drag is
used, and the inertial dynamics is represented by the Stokes number, St = 7,/tf, where 7, is the particle
relaxation time and s the eddy turn over time, defined by 74 = /v /e where v is the kinematic viscosity and
€ the dissipation rate. The position of the particle, denoted as x ,, and its velocity, represented by v ,, evolve
according to the following equations:
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where u, refers to the velocity of the fluid at the location of the particle x .
DNS with Ng = 10242 grid points is performed for a Reynolds number, Re; = 679. For details we refer

to Kadoch et al. [12]. The number of particles N, is 10° and the considered five Stokes numbers are St = 0.05,
0.1, 0.25, 0.5, and 1, each corresponding to a different data set. After the turbulent flow reached a statistically
steady state, particles are randomly introduced into the flow, following a Poisson distribution. Particles with
different Stokes numbers were tracked in an identical turbulent flow for about 13.72 eddy turn-over times. We
assume that the number of particles is sufficiently large to be considered continuous, which implies that the
initial positioning of particles at the flow initialization does not significantly impact their distribution.

We provide as input the vorticity fields and aim to predict the particle number density for various Stokes
numbers. To facilitate faster convergence of the neural network by mitigating significant variations in output
values, we perform clipping of density values exceeding 100, then divide them by 100 to ensure that the
values are normalized between 0 and 1. This clipping represents 0.01% of the pixel of the input and results in
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Fig. 2 Visualization of a the vorticity field of DNS data and b the corresponding energy spectrum in the statistically stationary
regime

Data augmentation

Snapshotindex, T

Fig. 3 Illustration of the data set structure. The gray cells represent the training set, the black cells indicate the data that is
skipped to ensure decorrelation between training and test sets, and the red cells denote the test set. The columns corresponds data
augmentation operations, while the rows represent snapshots in terms of time. Adapted from Erichson et al. [18]

the removal of less than 1% of the total particle mass. The possibility of performing supersampling, that is,
providing as input, not only the vorticity, but also the particle number density for an extremely low number of
particles, i.e., a subsample of 103 particles, is likewise explored. We are also interested in doing the inverse,
i.e., predicting the absolute value of vorticity from the particle number density for different Stokes numbers.
Figure 3 shows an illustration of the data set structure. We have a total of 100 saved snapshots in order
of time, and use the first 80 snapshots for the training and the last 10 for the test set. We leave a gap of 10
snapshots between the training and test sets to ensure sufficient variability and decorrelation between the two.
The particle number density is calculated with a resolution of N éz = 5122, Similarly, we use the vorticity field,

to which average pooling has been applied, with a resolution of 5122 as input.

Moreover, we artificially increase the size of the training data eight times by applying different operations
of transposition and rotation to the original data. This yields in total a data training set of 80 x 8 = 640 images
and a test set of 10 x 8 = 80 images, for each Stokes number. All visualizations and statistics presented in the
subsequent sections of this article are based on this test set.
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Fig. 4 Illustration of different neural network architectures: encoder—decoder (blue), U-Net (blue and pink) and GAN (blue, pink
and red). The U-Net architecture is also utilized for the diffusion model

2.2 Description of the neural network architecture and training

Figure 4 shows the different architectures we have tested to synthesize the number density distribution of the
inertial particles for different Stokes numbers. We compare four different neural networks: encoder—decoder,
U-Net, GAN, and diffusion model, each of which is a modification of the standard architecture, adapted here
for the current application. An encoder—decoder [19] is an artificial neural network composed of two neural
networks, an encoder and a decoder. The encoder compresses/reduces the size of the data, while the decoder
reconstructs the desired output using the compressed data. The encoder—decoder is the baseline network for
this study and is represented by the blocks and arrows in blue in Fig.4. The loss function used here is the
binary cross-entropy between the exact and predicted values. This is feasible because the values of the particle
field are normalized between 0 and 1. A U-Net [20] is an encoder—decoder with additional skip connections
between the layers of the encoder and the decoder, which have the same shape. Skip connections bypass some
of the layers in the neural network to allow a connection between two distant layers, contrary to the standard
connection, which are only connected to the next layer. The U-Net is represented in Fig.4 as the blue part
(encoder—decoder), to which we have added skip connections in pink. We use the same loss function (binary
cross-entropy) as in the encoder—decoder. A GAN [21] is an artificial neural network composed of two neural
networks, a generator and a discriminator. The generator learns to generate new data set, and the discriminator
classifies if the input data is real or generated. The goal of the generator is to generate data that will be classified
as real by the discriminator. We use a U-Net as the generator, as is done in Isola et al. [22]. We give as input
to the discriminator the vorticity and the synthetic or exact particle number density. For the discriminator, we
use the binary cross-entropy between the correct and the exact classifications (generated or real image). For
the generator, we use the binary cross-entropy between the exact and the predicted values to which we add the
loss of the discriminator in case we try to fool it. Thus, the objective function for the generator is given by

G* =arg mGin max L6aN(G, D) + Lpce(G) 2)

where G is the generator network, D is the discriminator network, LgaN is the GAN loss defined as [22]

LGaN(G, D) = Ey y[log(D(x, y))] + Ex[log(l — D(x, G(x)))] (3)
and LpcE is the binary cross-entropy loss, defined as
Lpce(G) = —Ey y[ylog(G(x)) + (1 — y)log(l — G(x))] 4)

with x representing the input data, and y the output data associated with x. The GAN is represented in the figure
as the previous architecture to which we have added a discriminator in red. Unlike previous architectures, the
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diffusion model [23] operates iteratively through a series of denoising steps to incrementally refine the output.
At each iteration, a noisy version of the particle number density is fed into the model, which is trained to
predict the noise that has been added. The predicted noise is then subtracted from the noisy image, effectively
achieving a slight denoising effect. The denoising loss is computed using an L'-norm between the denoised
image and the ground truth. This process begins with a Gaussian noise and is repeated for 500 denoising steps,
gradually refining the image until the final prediction is achieved with no noise. The denoising loss function
for the diffusion model is defined as

Ldenoise(U) = Ey;nise*s*t’)“ [”‘5 - U(yfloise, z, x)”l] (5

where ¢ represents the current denoising step, £ represents the actual noise that was added to the data at step
1, y! e 1S the noisy target data at step ¢, and x is the conditional input data. The denoising model U predicts
the noise component to be subtracted. For more details on the loss function and training process, we refer
to Ho et al. [23]. We employ a U-Net as the denoising model to execute these steps. The iterative process
enables the model to learn complex patterns in the data, providing a more accurate and reliable prediction of
the particle number density distribution for various Stokes numbers. To condition the model, we also provide
the noise-free vorticity field as input.

A fundamental difference between these models lies in their predictive approaches: encoder—decoder and
U-Net predict direct function mappings from the input to the output, whereas GAN and diffusion models are
designed to predict transition probability distributions. The GAN achieves this through its generative process,
where the generator creates data samples and the discriminator evaluates their authenticity, effectively learning
the distribution of real data. Similarly, diffusion models operate by learning to reverse a gradual denoising
process, thus implicitly learning the probability distribution of the original data.

In Sect. 3.1, we aim to predict particle density from vorticity. To enhance this prediction process, Sect. 3.2
introduces an additional input representing particle density for a very low number of particles (N, = 103,
5 x 102, and 10%). Furthermore, Sect. 3.3 focuses on the inverse problem, i.e., predicting the absolute value
of vorticity from particle number density for different Stokes numbers. For these different tasks, only the
number of input and output variables changes, while the rest of the architecture is preserved, including the loss
functions and other parameters.

The down-sampling convolution blocks are composed of a 2D convolution with a 3 x 3 filter, followed by
batch normalization and a leaky rectified linear unit (LeakyReLU) activation function. To respect the spatial
periodicity intrinsic to our problem, periodic padding is applied, thereby maintaining the data resolution. The
sequence is repeated twice in each block, with the inclusion of a max-pooling operation at the end of the
convolution block to coarsen the spatial dimensions. Conversely, the up-sampling convolutional blocks adopt
a similar sequence but utilize upsampling operations to expand the spatial dimensions, effectively reversing
the encoding process undertaken during down-sampling.

We use the Adam optimizer for training the networks [24]. Training was executed on an Nvidia Tesla V100
32GB GPU. The number of epochs was chosen to ensure the convergence of the different neural networks
tested. For the encoder—decoder and the U-Net, we use 1000 epochs, which was more than sufficient for
convergence. In the case of the GAN, due to the model’s inherent instability, we selected an epoch with the
lower loss value from among all the saved steps throughout the training process. For the diffusion model, we
choose to train for 400 epochs, beyond which we observed signs of overfitting.

3 Results

In this section, we present results for different neural networks considered in this study. We first analyze the
networks using visualizations in physical space and then assess them statistically, i.e., we present probability
distribution functions (PDFs) and particle number density Fourier spectra and compare them with the DNS
data. The density spectra are obtained after normalizing the prediction by setting the mean to zero and ensuring
that the sum of all values in the spectrum equals one. This normalization prevents the mean from dominating the
visualization scale of amplitude frequencies and facilitates the identification of which wavenumbers contribute
to the total signal. After this normalization, the exact and predicted fields are denoted by z and Z respectively.
The L? error is calculated on the data in the physical space following this normalization. The L’ error is
computed as the square root of the sum of the squared differences between the exact values and the predicted
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values, evaluated over each grid point of the Eulerian grid:

Ng Ng

L@ 2= | D) ij—4i)? (6)

i=1 j=I

where z; j and Z; ; are the exact and predicted values at each grid point respectively. The L?-norm of the exact
values, used for comparison, is defined as follows:

Ny N

DO @i 7

i=1 j=1

L*(z) =

The presented results were obtained from the validation data set disjoint from the training data set, i.e., from
different snapshots.

3.1 Prediction of preferential concentration
3.1.1 Some visualizations

Figure 5 shows (a) the input vorticity field and (b) the ground truth particle number density for St = 1 as
obtained from DNS, along with the predicted particle densities for St = 1 using (c) GAN, (d) diffusion model,
(e) U-Net, and (f) encoder—decoder. In the vorticity field, we can observe localized zones of high rotational
velocity, contrasting sharply with surrounding areas of lower vorticity. From the particle number density field,
we can see that the particles are clustered in the regions of low vorticity magnitude and avoid regions of high
vorticity magnitude due to the centrifugal force, similar to what is observed in Pandey et al. [25].

The prediction of the particle number density field using the GAN shows similar structures in certain
regions, while also displaying some dissimilarities. Overall, a lower density of particles is observed in regions
of high vorticity, as expected. However, the model also predicts the presence of particles in some areas where
none were observed in the DNS field. The predicted particle number density fields also show the presence of
particle clusters with thin filaments and sharp transitions from void regions to cluster regions. This is a sign that
the GAN is able to generate fine-scale features accurately. This ability of GANs to predict fine-scale features
has already been observed in Ledig et al. [26] in the context of image processing.

In the diffusion model prediction, we observe a substantial amount of background noise, indicating that
the model has not completely succeeded in filtering out the intrinsic noise from the training process. However,
there are instances where the filamentary structures are accurately positioned, akin to the results obtained with
the GAN. In other cases, the alignment is less precise. Despite this, fine filaments are observed which indicates
the diffusion model’s ability to generate rapid density variations, which are essential for the formation of void
or cluster regions.

For the U-Net prediction, the void regions are generally located where they should be, specifically in areas
of high vorticity. However, we do not observe the presence of fine filaments, as seen in the predictions from the
GAN and the diffusion model. In the encoder—decoder prediction, we notice a grid-like artifact; the particle
number density appears diffused and blurry. The regions devoid of particles are indistinct from particle clusters.
We conjecture that this could be due to the loss of information at various scales during the data compression
stage.

3.1.2 Comparison of statistics

Figure 6 shows the PDFs of the (a, c) particle number density and (b, d) density spectra of exact (DNS data)
and predicted fields using four different architectures for (a, b) St = 1 and (c, d) St = 0.05 using different
network architectures averaged on 80 test data. Results for other Stokes numbers, while not discussed in detail,
can be found in the Appendix. The density spectrum is computed by taking the modulus square of the Fourier
transformed density and then summed over concentric circles in wavenumber space.

For the particle number density prediction at St = 1, the PDF of the GAN prediction is almost perfectly
superimposed with the exact DNS values. The U-Net model demonstrates a slight over-prediction of small
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Fig. 5 a Input vorticity and b ground truth particle number density for St = 1 corresponding to DNS data. Predicted particle
number density using ¢ GAN, d diffusion model, e U-Net and f encoder—decoder
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Fig. 6 PDFs of the a, ¢ particle number density and b, d density spectra D (k) of exact (DNS data) and predicted fields using four
different architectures (encoder—decoder, U-Net, GAN and diffusion model) for a, b St = 1 and ¢, d St = 0.05

densities, consequently under-predicting higher densities. Due to the background noise seen in Fig.5, the
diffusion model distinctly underestimates completely void regions and overestimates regions with a low but
non-zero particle number. Additionally, the PDF narrows significantly for medium and high particle densities.
For the encoder—decoder, the PDF declines even more rapidly, underestimating densities. Similar trends can
be observed for St = 0.05.

Regarding the density spectra for GAN predictions at St = 1, the spectrum closely approximates the exact
DNS values with some oscillations. A similar trend is observed for the diffusion model, with the exception
that there is a slight under-prediction of high-frequency amplitudes. For the U-Net, the slope of the curve for
wavenumbers less than approximately 60 is similar to those of the exact values, indicating accurate large-scale
structure prediction, consistent with Fig.5. However, past wavenumber 60, there is a rapid decrease in the
amplitude. Lastly, for the encoder—decoder, the spectrum deviates significantly from the exact values, with an
exceedingly rapid decay at larger wavenumbers. For St = 0.05, we observe behaviors similar to those described
for St = 1, with a few exceptions. Firstly, the GAN predictions exhibit an even greater degree of oscillations.
Secondly, the density spectrum for the diffusion model prediction starts to rise at higher frequencies. This
unexpected rise in the spectrum is attributable to the residual noise that was not adequately eliminated during
the training phase of the diffusion model. As a result, the noise becomes more predominant, skewing the
signal-to-noise ratio in favor of noise and leading to this observed uptick in the density spectrum.

A portion of the error in the density spectra is due to the fact that the convolution filter is of size N ]% =3x3,
which means that the maximum wavenumber that can be resolvedis (kL)/(2n) = N é /Ny =1512/3 ~ 170.67,

and the minimum length scale that can be resolved by the convolution filteris L;;;, = LN¢/N (g, [27]. However,
as deviations from the exact value can be observed at lower wavenumbers, we believe that this is not the
dominant phenomenon affecting the accuracy of our predictions. In Matsuda et al. [28], it was observed that,
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unlike the flow, inertial particle clustering does not exhibit a smallest scale. This implies that no convolution
filter is sufficiently small to sufficiently resolve the clustering of inertial particles.

Theoretically, in the context of one-way coupled point-particle simulations, the particle distribution is
deterministic for a given simulation, provided the number of particles is sufficiently large to consider the
medium as continuous. However, the particle positions are intricately linked to the fluid’s historical behavior.
This introduces a bias in the particle distribution; it deviates from being uniquely dependent on regions of low
vorticity and vice versa. Specifically, some particles may be entirely absent from certain low-vorticity regions
due to the historical flow trajectories that have previously expelled them. Consequently, predicting the particle
distribution becomes a complex problem, influenced by both current conditions and history effects in the flow.

Table 1 presents a comparative analysis of L errors for various models and different Stokes numbers. It is
observed that the GAN model consistently exhibits the lowest error across all Stokes numbers, indicating its
superior ability to approximate the ground truth more accurately than the other models. The error associated
with the U-Net model, although higher than that of the GAN, remains relatively close to it. In contrast, the
encoder—decoder and diffusion models exhibit significantly higher errors. The error in the encoder—decoder
model is mainly due to its inability to capture structures similar to the target data, as seen in Fig. 5. Similarly,
the error associated with the diffusion model is also high, probably due to the background noise observed
in Fig. 5, despite its ability to replicate filament structures accurately. For all models, it can be also observed
that this error increases as the Stokes number decreases. Furthermore, it can be noted that for all models, the
L? errors are greater than the LZ-norm. This can be attributed to the fact that while certain structures can be
accurately predicted, such as with the GAN, they are not perfectly localized to the correct positions. Given the
fineness of the filaments and the sparse distribution of particles, this discrepancy can contribute to an elevated
error.

3.2 Supersampling

As previously noted, the complexity of predicting particle distribution arises not only from current flow condi-
tions but also from the time history of the carrier flow. One approach to potentially address the computational
complexity arising from a large number of particles is to explore the concept of supersampling. In this scenario,
we consider a simulation with 103 particles and aim to predict how the particle distribution would look like
if there were 10° particles. The primary advantage of such an approach could be the significant reduction in
computational runtime by running simulations with a fewer number of particles. Additionally, we compare dif-
ferent density fields for different numbers of sub-sampled particles: N, = 103, 5 x 102, and 102. Note that this
approach might be limited to one-way coupled scenarios where the back-ground flow field is common regard-
less of the number of particles. A similar approach for reconstructing spatially high-resolution fluid flow data
from its low-resolution counterpart is known as super-resolution (see e.g., [29,30]). In contrast, supersampling
aims to reconstruct the complete probability distribution of particle number density from a reduced sample.
This involves estimating an accurate distribution as if it were derived from a significantly larger sample size.
Although both methods aim to improve data quality, they address different aspects: super-resolution enhances
spatial resolution, while supersampling focuses on obtaining a precise probability distribution from a smaller
dataset. Thus, supersampling could offer a promising compromise between computational cost and predictive
accuracy, especially for high-resolution fluid-particle interaction simulations.

The computational cost for 103 particles is 2 CPU hours, whereas for 10° particles, it is 111 CPU hours,
using 100 CPUs (Intel Xeon Gold 6142 at 2.6 GHz) in parallel computation. The growth is not proportional
to the number of particles due to the fact that for N, = 103, the number is too small to effectively utilize

Table 1 Comparison of L? errors between the DNS density field and predicted density field averaged over 80 snapshots for
different models and various Stokes numbers, alongside the L2 norm of the original DN field

St Encoder—decoder U-Net GAN Diffusion DNS L2-Norm
1 2.28 x 1074 2.64 x 1073 1.80 x 1077 5.89 x 10~* 1.13 x 107
0.5 143 x 1074 2.69 x 1077 2.10 x 1073 8.01 x 1074 1.43 x 107
0.25 1.34 x 1074 4.04 x 1073 3.35 x 107 9.43 x 1074 2.25 x 107
0.1 2.40 x 107* 6.30 x 107 4.86 x 1079 9.86 x 10~* 3.71 x 107

0.05 5.34 x 1074 8.17 x 107 6.48 x 107 1.01 x 1073 4.88 x 107
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all processors because the assignment of particles to each processor is based on their positions. However, for
a large number of particles or with an optimized implementation for a non-uniform distribution of particles
across different processors, the variation in computation time would be proportional to the variation in the
number of particles. For 103 particles, each time step takes approximately 0.36s, and for 10° particles, it takes
approximately 20s. Consequently, it takes approximately 50 times less time to compute the position of the
particles for N, = 103 compared to N p = 10%. The inference cost is approximately 0.11 s for the GAN and
the U-Net, and 15 s for the diffusion model. Thus, for the U-Net or GAN, a prediction could be made at each
time step without a significant increase in computational time. In the case of the diffusion model, a prediction
could be made at arbitrary snapshots of interest.

Figure 7 shows the input (a) vorticity and (b) sub-sampled particle number density, ground truth (c) particle
number density for St = 1 and predictions derived from vorticity using various models: (d) GAN, (e) diffusion
model, and (f) U-Net. We observe that the particle number density distribution predicted by the GAN closely
matches the exact values, even though the alignment is not identical on a pixel-by-pixel basis. Similarly, the
diffusion model yields a comparable particle number density distribution; however, a persistent background
noise remains evident. In the case of U-Net, we can observe finer filaments as for the original problem.

Figure 8 shows PDFs of the (a) particle number density and (b) density spectra of DNS data and predicted
fields using three different architectures for St = 1. For the GAN, the PDF continues to be nearly perfectly
superimposed on the exact DNS values. A similar trend is observed for U-Net, where the PDF now is also
superimposed almost with the exact data, representing an improvement in capturing both average and high-
density regions. The diffusion model shows marked improvements, especially in the prediction of high particle
densities, although it still falls short in accurately capturing entirely void regions, presumably due to persistent
background noise. Regarding the density spectra, no substantial variations are noted for both the GAN and
the diffusion model. However, for U-Net, the predicted spectrum has moved closer to the exact DNS values,
indicating improved prediction accuracy across different scales.

Figure 9 shows the PDFs of the particle number density and density spectra for St = 1 using the U-Net,
GAN, and diffusion model architectures with 103, 5 x 107, and 10% sub-sampled particles. Each model was
independently trained for each number of particles. It can be observed that, although the curves approach the
exact values more closely as the number of sub-sampled particles increases, the differences between the curves
remain relatively small.

Table 2 shows the comparison of L? errors for the supersampling using different models for St = 1
with varying numbers of sub-sampled particles. The GAN model demonstrates the lowest error, indicating
superior performance compared to the other models. The diffusion model exhibits the highest error, while the
performance of the U-Net model lies between these two case. Comparing these results with those presented in
Table 1, we can observe that for the case with 10> sub-sampled particles, while all models show a reduction
in error, the diffusion model benefits the most, with error reduction by one order of magnitude. For the other
numbers of sub-sampled particles, we also find that the error is lower than that in Table 1, except for the U-Net
model, where the error is slightly higher. As expected, when the number of sub-sampled particles is reduced,
the error increases. This variation is more significant between 103 and 5 x 107 particles than between 5 x 107
and 102 particles. Therefore, we can conclude that a minimum number of sub-sampled particles is necessary
to use the supersampling approach effectively to achieve improvement.

To summarize, we find that the predictive capability of the neural networks improve significantly when the
information about a few particles are available and can be used as the input for the networks along with the
vorticity data, as opposed to using only the vorticity data as the input. Hence these networks can be used as a
post-processing tool to extract higher-resolution particle data by performing numerical simulations with only
a few particles, which will reduce the cost of the simulations. Further investigations are necessary concerning
the dependence of the input number of particles on the prediction.

Table 2 Comparison of L? errors between the DNS density field and predicted density field using supersampling averaged over
80 snapshots for different models for St = 1 with varying numbers of sub-sampled particles

N, U-Net GAN Diffusion
103 1.68 x 107 1.24 x 107 3.31 x 107
5 x 10% 2.77 x 107 1.51 x 1079 2.56 x 10~*

102 2.83 x 107 1.52 x 107 291 x 1074
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Fig. 7 Input a vorticity and b sub-sampled particle number density, ground truth ¢ particle number density for St = 1 and
predicted from vorticity using d GAN, e diffusion model and f U-Net, all with supersampling
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Fig. 8 PDFs of the a particle number density and b density spectra of exact (DNS data) and predicted fields using GAN, diffusion
model, and U-Net architectures for St = 1 with N,, = 10°

3.3 Vorticity prediction

We are also interested in knowing the feasibility of the use of the neural networks for the enstrophy prediction
from the particle number density, which could be of interest to experimentalists. To this end, we try to predict
the absolute values of the vorticity field using the particle number density fields for all five Stokes numbers
available to us. Note that using particle number density fields from different Stokes numbers to predict a
single vorticity field, i.e. its absolute values, is possible only in the case of one-way coupled point-particle
simulations. Additionally, the absolute values of the vorticity were normalized between 0 and 1 in order to use
binary cross-entropy as the loss function.

Figure 10 shows the absolute values of the vorticity for (a) the exact field, and predictions from particle
number density using (b) the Generative Adversarial Network (GAN), (c) the diffusion model, and (d) the U-
Net architecture. We can observe that the overall structure is similar to the exact field, capturing vortex locations
with accurate shape, size, and magnitude. However, in the case where two vortices are in close proximity to
each other, the models tend to predict a single, larger vortex instead of the two individual structures. This
behavior can be attributed to the centrifugal force that ejects particles, effectively removing data from that
location and hence inhibiting the models’ ability to reconstruct the absolute values of the vorticity correctly.

Figure 11 shows the enstrophy spectra of the exact vorticity field (DNS data) and the predicted absolute
values of the vorticity using various network architectures. For both the GAN and the diffusion model, the
spectra of the predicted data are similar to those of the exact values, with a few deviations. In contrast, the
U-Net model exhibits a close approximation to the exact density spectra except at higher wavenumbers, where
the predicted spectrum decreases more rapidly than it should, indicating a deviation from the exact field. We
can also observe that background noise is not noticeable, unlike in the case of predicting the particle number
density. Similarly to the particle number density, a portion of the error is attributable to the convolution filter
size. However, unlike the particle number density, the fluid vorticity has a minimum scale, i.e., the Kolmogorov
scale. To minimize the influence of the convolution filter size on the prediction, using a filter smaller than the
Kolmogorov scale could be an appropriate solution.

Table 3 shows the comparative L errors for different models. It can be observed that the diffusion model
achieves significantly lower error compared to the other models. The errors of the GAN and U-Net models
are close. This shows that although the predictions of all the models are visually close, and the spectra of the
predicted data are similar to those of the exact values, the diffusion model outperforms the others in predicting

Table 3 Comparison of L? errors between the DNS and predicted fields of absolute values of vorticity averaged over 80 snapshots
for different models, alongside the L? norm of the original DNS field

U-Net GAN Diffusion DNS L2-Norm

8.93 x 1070 8.20 x 107 2.00 x 107° 7.51 x 1077
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Fig. 10 Ground truth of a the absolute value of the vorticity and predicted from particle number density using b GAN, ¢ diffusion
model and d U-Net

the absolute value of the vorticity. Furthermore, the fact that the L2 errors are higher than the L2-norm of the
exact fields indicates that, despite the spectral similarity and visual proximity to the exact values, accuracy on
a pixel-by-pixel basis is not achieved.

The present approach could be applied to particle distribution data obtained by Particle Image Velocimetry
(PIV), which relies on the use of tracer particles to estimate fluid velocity. This type of machine learning method,
or a derivative thereof, could be particularly useful in situations where it is possible to take photographs of a
physical phenomenon and estimate the mass of the particles without being able to directly measure the fluid
velocities, due to the absence of usable tracer particles. By complementing PIV, this approach would allow for
the inclusion of particles of different masses in the process. Additionally, it would be advantageous in cases
where adding tracer particles is impossible for various reasons, such as the distance of the objects or the fact
that adding particles could perturb the experiment. This method could thus offer a valuable alternative for
experiments where direct measurements of fluid velocity are not feasible with traditional PIV techniques.
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Fig. 11 Enstrophy spectra Z (k) of exact (DNS data) and predicted absolute value of the vorticity fields using different architectures.
Dashed line indicates the power law k2

4 Conclusions

In this work, four neural networks for synthesizing preferential concentration fields of inertial particles in
fully developed two-dimensional turbulence have been developed and assessed. Instantaneous snapshots of
vorticity fields of DNS data were taken as input, and particle concentration fields were generated using encoder—
decoder, U-Net, GANs, and diffusion models. The quality of prediction is quantified by comparing PDFs and
density spectra of the synthesized fields with the DNS data. The best results were obtained with the GAN,
showing similar cluster and void regions as present in the DNS data. This can be explained by the ability of
GANS to generate fine-scale features, as well as by its generative properties. It should be noted that the results
presented are valid only within the specific configuration settings of the machine learning architectures that
were investigated. Furthermore, a detailed study of the parameters of the machine learning architecture would
be beneficial to enhance the understanding and applicability of these findings.

Furthermore, the technique of supersampling has been explored to enhance computational efficiency.
This allows machine learning models to converge more easily, providing them with information about the time
history of the particles. By predicting particle distributions in simulations with fewer particles and extrapolating
to higher particle counts, this approach is promising in reducing computational demands while maintaining
a balance between accuracy and resource utilization. This also demonstrates the use of neural networks as a
subgrid scale model, potentially in the future, in the context of large-eddy simulations where fewer particles,
as opposed to a full set of particles, are used in the numerical simulations.

Inverting the input and output in the proposed procedure, we showed that reconstructing the absolute values
of the vorticity field and thus enstrophy from the particle positions (e.g., obtained via PIV data) is likewise
possible. This is a physically relevant task and yields a promising application for laboratory experiments. In
the future, we also plan to predict fundamental quantities, such as Reynolds and Stokes numbers. Additionally,
we plan to explore the extrapolation capabilities of our models by training them on a range of Stokes numbers
and evaluating their performance in predicting unseen Stokes values.
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Appendix A Results for further Stokes numbers

Here, we present different results for other Stokes numbers, i.e., St = 0.5, 0.25 and 0.1. The results are similar
and continuously approach the two extremes, i.e. St = 1 and 0.05, which are discussed in detail in the main
text. Figure 12 shows corresponding PDFs of particle number density and density spectra for the different
architectures in comparison with the DNS results.
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